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FOREWORD 

This is a progress report on the research project "Numerical Solutions 

of Three-Dimensional Navier-Stokes Equations for Closed-Bluff Bodies." 

Specific efforts were directed in the area of "A Conservative Approach for 

Flow Field Calculations on Multiple Grids." 

The period of performance on this research was July 15, 1987 through 

March 31, 1988. This work was supported by the NASA Langley Research Center 

through Cooperative Agreement NCC1-68. 

monitored by Dr. Robert E. Smith, Jr., of the Analysis and Computation 

Division (Computer Applications Branch), NASA Langley Research Center, 

MS/125. 
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A CONSERVATIVE APPROACH FOR FLOY FIELD 
CALCULATIONS ON MULTIPLE GRIDS 

M. Kathongl  and S. N. T iwar i '  

SUMMARY 

I n  t h e  computat ion o f  f l o w  f i e l d s  about 
complex c o n f i g u r a t i o n s ,  i t  i s  very  d i f f i c u l t  t o  
c o n s t r u c t  b o d y - f i t t e d  c o o r d i n a t e  systems. An 
a l t e r n a t i v e  approach i s  t o  use severa l  g r i d s  a t  
once, each o f  which i s  generated independent ly .  
T h i s  procedure i s  c a l l e d  t h e  " m u l t i p l e  g r i d s "  
o r  "zonal  g r i d s "  approach and i t s  a p p l i c a t i o n s  
a r e  i n v e s t i g a t e d  i n  t h i s  study. The method 
f o l l o w s  t h e  c o n s e r v a t i v e  approach and p r o v i d e s  
c o n s e r v a t i o n  o f  f l u x e s  a t  g r i d  i n t e r f a c e s .  The 
E u l e r  equat ions are  so lved n u m e r i c a l l y  on such 
g r i d s  f o r  v a r i o u s  c o n f i g u r a t i o n s .  The 
numerical  scheme used i s  t h e  f i n i  t e - v o l  ume 
techn ique w i t h  a three-stage Runge-Kutta t i m e  
i n t e g r a t i o n .  The code i s  v e c t o r i z e d  and 
programmed t o  run on t h e  CDC VPS-32 computer. 
Some steady s t a t e  s o l u t i o n s  o f  t h e  E u l e r  
equat ions  a r e  presented and discussed. 

'Graduate Research A s s i s t a n t ,  Department o f  Mechanical Eng ineer ing  and 
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1. INTRODUCTION 

Basically, there are three approaches or methods which can be used t o  

solve a problem i n  f l u i d  mechanics and heat t ransfer .  These methods are 

(1) Experimental ( 2 )  Theoretical and ( 3 )  Numerical. The theoretical method 

i s  often referred t o  as an analytical approach while the terms numerical and 

computational are used interchangeably. 

I n  the experimental approach, a model i s  constructed and tested i n  a 

testing f a c i l i t y  such as a wind tunnel. The flow variables,  such as wall 

pressure and temperature can then be measured. The problem of producing 

required freestream conditions i n  the t e s t  section of t h i s  f a c i l i t y  can be 

quite troublesome and time consuming. Since the f a c i l i t y ,  for  example a wind 

tunnel, requires large amounts of energy for i t s  operation, i t s  operating 

costs a re  quite h i g h .  The experimental approach produces the most r ea l i s t i c  

answers for many flow problems; however, the costs are becoming greater 

everyday. 

I n  the theoretical approach, assumptions are made i n  order t o  s implify 

the problem. A closed form solution i s  generally sought. The main advantage 

of t h i s  approach i s  t h a t  general information which i s  u s u a l l y  i n  formula  form 

can be obtained. I t s  disadvantage i s  t h a t  the problem i s  res t r ic ted t o  simple 

geometry and physics . 
In the numerical approach, a limited number of assumptions are  made and a 

high-speed digi ta l  computer i s  used t o  solve the resulting governing f luid 

dynamics equations. The major advantage of t h i s  approach i s  t h a t  the problem 

i s  free of some of the constraints imposed on the experimental or theoretical  

approach. T h u s ,  the numerical approach has the potential of providing 

information not available by other means. However, the approach does have 

some disadvantages. The storage and speed of present available computers pose 
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t h e  l i m i t a t i o n s  on t h e  method. The o t h e r  l i m i t a t i o n s  a r i s e  due t o  t h e  

i n a b i l i t y  t o  understand and mathemat ica l l y  model c e r t a i n  complex phenomena. 

I n  s p i t e  o f  these l i m i t a t i o n s ,  t h e  numerical  approach i s  becoming more 

popul a r .  The developments o f  supercomputers and t h e  r e d u c t i o n  i n  

computat ional  c o s t s  have made t h e  approach appeal ing.  

A new methodology f o r  a t t a c k i n g  t h e  complex problem i n  f l u i d  mechanics 

and heat  t r a n s f e r  has been developed and has become known as  Computational 

F l u i d  Dynamics (CFD). Some of t h e  ideas o f  t h i s  numerical  approach a r e  v e r y  

o l d .  Good surveys on t h e  approach can b e  found i n  [l-131. Also, t h e  

foundat ions  upon which t h e  whole f i e l d  i s  b u i l t  a re  now reasonably w e l l  

covered i n  t e x t  books [14-241. CFD i s  a sc ience o f  producing numer ica l  

s o l u t i o n s  t o  a system o f  p a r t i a l  d i f f e r e n t i a l  equat ions which d e s c r i b e  f l u i d  

f low.  CFD i s  done b y  d i s c r e t e  methods and t h e  purpose i s  t o  b e t t e r  understand 

q u a l i t a t i v e  and q u a n t i t a t i v e  p h y s i c a l  phenomena i n  t h e  f l o w  which then i s  

o f t e n  used t o  improve upon eng ineer ing  design. CFD b r i n g s  t o g e t h e r  a number 

o f  d i f f e r e n t  t r a d i t i o n a l  d i s c i p l i n e s :  f l u i d  mechanics, t h e  mathematical  t h e o r y  

o f  p a r t i a l  d i f f e r e n t i a l  equat ions,  computat ional  geometry, numerical  a n a l y s i s ,  

and t h e  computer sc ience o f  programming a l g o r i t h m s  and process ing  da ta  

s t r u c t u r e s .  

I n  t h e  CFD c a l c u l a t i o n ,  t h e  continuum problem o f  t h e  d i f f e r e n t i a l  

equat ions i s  p r o j e c t e d  t o  some f i n i t e - d i m e n s i o n a l  space f o r  t h e  dependent and 

independent v a r i a b l e s  and t h e n  b y  s o l v i n g  t h e  r e s u l t i n g  d i s c r e t e  equat ions f o r  

t h e  f i n a l  s e t  of  numbers. Thus, t h e  f i r s t  s tep  i n  CFD i s  t o  d i s c r e t i z e  t h e  

domain o f  t h e  f l o w  b y  l a y i n g  ou t  a network o f  p o i n t s  s i t u a t e d  a t  a f i n i t e  

number o f  d i f f e r e n t  l o c a t i o n s  o f  t h e  independent v a r i a b l e s ,  i.e., t o  c r e a t e  a 

g r i d .  A ' 'g r id ' '  i s  

c o n v e n t i o n a l l y  d e f i n e d  as a s e t  o f  g r i d  p o i n t s  i n  a c o o r d i n a t e  system. The 

Th is  b r i n g s  about a s o - c a l l e d  " g r i d  genera t ion"  procedure.  
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word g r i d  and mesh are  a l s o  used in terchangeably .  G r i d  genera t ion  i s  an 

essent i a1 procedure i n  CFD. Accuracies and s t a b i l i t i e s  o f  t h e  CFD 

c a l c u l a t i o n s  depend a g r e a t  deal  on t h e  p r o p e r t i e s  o f  these ' ' g r ids" .  G r i d  

p o i n t s  a r e  g e n e r a l l y  generated by l e t t i n g  some c o o r d i n a t e  l i n e s  c o i n c i d e n t  

w i t h  t h e  boundar ies o f  t h e  domain. The purpose of genera t ing  these s o - c a l l e d  

"boundary f i t t e d "  coord ina tes  i s  t o  b e  ab le  t o  app ly  boundary c o n d i t i o n s  

d i r e c t l y  when p a r t i a l  d i f f e r e n t i a l  equat ions a r e  so lved on such g r i d .  1.t i s  

i m p o r t a n t  t h a t  t h e  boundary c o n d i t i o n  b e  represented a c c u r a t e l y  s ince  t h e  

r e g i o n  i n  t h e  i n t e r m e d i a t e  v i c i n i t y  o f  s o l i d  sur faces  i s  g e n e r a l l y  dominant i n  

d e t e r m i n i n g  t h e  c h a r a c t e r  of t h e  f low.  The procedure f o r  genera t ing  a 

b o u n d a r y - f i t t e d  c o o r d i n a t e  can b e  d i v i d e d  i n t o  two c a t a g o r i e s .  They a r e  

p a r t i a l  d i f f e r e n t i a l  equat ion  methods and a l g e b r i a c  methods. I n  t h e  p a r t i a l  

d i f f e r e n t i a l  equat ion  methods, a s e t  o f  p a r t i a l  d i f f e r e n t i a l  equat ions,  

sub jec ted  t o  some boundary c o n d i t i o n s ,  a r e  so lved t o  o b t a i n  a s e t  o f  g r i d  

p o i n t s .  The p a r t i a l  d i f f e r e n t i a l  equat ions may be e l l i p t i c ,  h y p e r b o l i c  o r  

p a r a b o l i c .  The p a r t i a l  d i f f e r e n t i a l  equat ion  methods o f f e r  t h e  smoothness t o  

t h e  r e s u l t i n g  g r i d  p o i n t s  b u t  g e n e r a l l y  r e q u i r e  l a r g e  amounts o f  computat ional  

t ime.  The a l g e b r a i c  methods a r e  based on mathematical i n t e r p o l a t i o n  f u n c t i o n s  

and do n o t  r e q u i r e  t h e  s o l u t i o n  o f  d i f f e r e n t i a l  equat ions o r  t h e  use of  

complex v a r i a b l e s .  The p r i m a r y  advantages o f  a l g e b r a i c  methods a r e  speed and 

d i r e c t n e s s .  Regardless o f  how g r i d  p o i n t s  a re  generated, a l l  CFD c a l c u l a t i o n s  

a r e  u s u a l l y  done on a r e c t a n g u l a r  domain w i t h  a square g r i d .  T h i s  i s  done b y  

t r a n s f o r m i n g  t h e  s e t  o f  p a r t i a l  d i f f e r e n t i a l  equat ions o f  i n t e r e s t ,  and t h e  

assoc ia ted  boundary c o n d i t i o n s ,  t o  t h e  c u r v i l i n e a r  system. The g r i d  p o i n t s  i n  

t h e  p h y s i c a l  domain are,  thus ,  mapped i n t o  a s e t  o f  e q u a l l y  spaced g r i d  p o i n t s  

i n  a r e c t a n g u l a r  r e g i o n  c a l l e d  computat ional  domain. Wi th  t h e  t r a n s f o r m a t i o n ,  

t h e  CFD c a l c u l a t i o n s  can b e  performed e n t i r e l y  on t h e  f i x e d  r e c t a n g u l a r  space, 
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regard less  o f  t h e  geometry o r  mot ion o f  t h e  boundar ies.  Thus, numerical  g r i d  

genera t ion  i s  t h e  process o f  e s t a b l i s h i n g  an ordered and s t r a t e g i c  d i s t r i b u -  

t i o n  o f  g r i d  p o i n t s  i n  a p h y s i c a l  c o o r d i n a t e  system corresponding t o  a u n i f o r m  

d i s t r i b u t i o n s  o f  g r i d  p o i n t s  i n  a r e c t a n g u l a r  computat ional  c o o r d i n a t e  

system. D e t a i l  on g r i d  genera t ion  procedures a r e  descr ibed i n  Chap. 2. 

Surveys o f  t h e  methods i n c l u d i n g  tex tbooks  on g r i d  g e n e r a t i o n  procedure can 

also b e  found i n  re fe rences  [25-301. 

It i s  obvious t h a t  a g r i d  which maps t h e  e n t i r e  p h y s i c a l  domain on to  a 

" s l a b "  i n  t h e  computat ional  domain i s  v e r y  d e s i r a b l e .  Th is  t y p e  o f  g r i d ,  

c a l l e d  s i n g l e  g r i d  o r  s i n g l e - b l o c k  g r i d ,  o f f e r s  t h e  s i m p l i c i t y  o f  t h e  

computat ional  domain t o  t h e  CFD c a l c u l a t i o n .  However, f o r  f l o w  about complex 

c o n f i g u r a t i o n s ,  t h e  genera t ion  o f  a smooth and e f f i c i e n t  s i n g l e  g r i d  i s  v e r y  

d i f f i c u l t .  I n  some cases, e s p e c i a l l y  those o f  c o n f i g u r a t i o n s  w i t h  severa l  

components, i t  may n o t  b e  p o s s i b l e  t o  o b t a i n  t h i s  t y p e  o f  g r i d  a t  a l l .  An 

a l t e r n a t i v e  approach t o  t h i s  problem i s  t o  use severa l  g r i d s  a t  once, each i n  

a d i f f e r e n t  c o o r d i n a t e  system. The e n t i r e  p h y s i c a l  domain i s ,  thus ,  

subd iv ided i n t o  severa l  subdomains. The genera t ion  o f  g r i d s  i n  d i f f e r e n t  

subdomain i s  g e n e r a l l y  independent f rom each o t h e r .  Th is  approach c a l l e d  

" m u l t i p l e  g r i d s "  o r  ' 'zonal g r i d "  approach can b e  c a t e g o r i z e d  i n t o  two groups: 

g r i d  p a t c h i n g  and g r i d  embedding. For t h e  patched g r i d  approach, t h e  

subdomain g r i d s  a r e  j o i n e d  o r  patched t o g e t h e r  a long common boundar ies.  The 

subdomain g r i d s  a r e  over lapped r a t h e r  than j o i n e d  i n  t h e  g r i d  embedding 

approach. M u l t i p l e  g r i d s  approach i s  becoming more common as t h e  complex i ty  

o f  t h e  c o n f i g u r a t i o n  b e i n g  considered i n  CFD i s  increased.  However, t h e  

approach r e s u l t s  i n  new boundar ies which a r e  n o t  t h e  p h y s i c a l  boundar ies.  

Even though, t h e  s o l u t i o n  procedure i s  done s e p a r a t e l y  i n  each subdomain, 

c e r t a i n  boundary c o n d i t i o n s  a r e  needed a t  these f i c t i o u s  boundar ies.  The 
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d i f f i c u l t y  o f  t h e  approach, thus,  l i e s  i n  t h e  t rea tment  o f  these boundary 

c o n d i t i o n s .  S ince these boundar ies a r e  e i t h e r  j o i n e d  o r  over lapped w i t h  o t h e r  

subdomain ( o r  subdomains), some i n f o r m a t i o n  needs t o  be t r a n s f e r r e d  between 

subdomains so t h a t  t h e  computat ion o f  t h e  e n t i r e  p h y s i c a l  domain i s  

c o n s i s t e n t .  The i n t e r p o l a t i o n  o f  f l o w  v a r i a b l e s  between subdomains seems t o  

b e  t h e  s i m p l e s t  choice.  However, t h i s  procedure does n o t  r e s u l t  i n  a 

computat ional  scheme which i s  conserva t ive .  The c o n s e r v a t i o n  o f  a 

computat ional  scheme i s  impor tan t  when t h e  f low b e i n g  considered c o n t a i n s  

d i s c o n t i n u i t i e s  such as shock waves. A computat ional  scheme i s  s a i d  t o  be 

c o n s e r v a t i v e  when i t  m a i n t a i n s  t h e  d i s c r e t i z e d  v e r s i o n  o f  t h e  conserva t ion  law 

( c o n s e r v a t i o n  o f  mass, momentum and energy) e x a c t l y  (except  f o r  round-o f f  

e r r o r s )  f o r  any g r i d  s i z e  over  an a r b i t r a r y  f i n i t e  r e g i o n  c o n t a i n i n g  any 

number o f  g r i d  p o i n t s .  For t h e  m u l t i p l e  g r i d s  c a l c u l a t i o n  t h e  i n f o r m a t i o n  

needs t o  be t r a n s f e r r e d  c o n s e r v a t i v e l y  between subdomain g r i d s .  It has been 

suggested t h a t  f l u x e s  r a t h e r  than f l o w  v a r i a b l e s  be t r a n s f e r r e d  between 

subdomain g r i d s ,  so t h a t  t h e  r e s u l t i n g  computat ional  scheme i s  conserva t ive .  

It can be shown t h a t  t h e  conserva t ion  i s  e a s i e r  t o  en force  i n  t h e  g r i d  

p a t c h i n g  approach t h a n  i n  t h e  g r i d  embedding approach. T h i s  s tudy f o l l o w s  t h e  

g r i d  p a t c h i n g  approach a long w i t h  t h e  c o n s e r v a t i v e  t rea tment  a t  t h e  

i n t e r f a c e s ,  i.e., p laces  where two o r  more subdomain g r i d s  a r e  j o i n e d  

t o g e t h e r .  The procedure i s  d iscussed i n  d e t a i l  i n  S e c t i o n  2.5. 

The v iscous  Navier-Stokes equat ions are  t h e  u l t i m a t e  equat ion  t o  b e  

so lved i n  CFD. However, Navier-Stokes f l o w  s i m u l a t i o n  a r e  p r e s e n t l y  s t i l l  i n  

t h e  stage o f  research. A success i n  Navier-Stokes f l o w  c a l c u l a t i o n s  r e l i e s  

n o t  o n l y  on t h e  numerical  methods b u t  a l s o  on t h e  t u r b u l e n t  model ing.  S ince 

t h i s  s tudy focuses on t h e  concept o f  m u l t i p l e  g r i d s  approach, t h e  i n v i s c i d  

E u l e r  equat ions a r e  s u f f i c i e n t  t o  b e  used as t h e  model equat ions.  The E u l e r  
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equat ions r e s u l t  f rom dropp ing  t h e  v iscous  terms on t h e  Navier-Stokes 

equat ions.  Thus, t h e  problems o f  computer s to rage and computat ional  t i m e  

i n c l u d i n g  t h e  u n c e r t a i n t i e s  o f  t u r b u l e n t  model ing t h a t  a r i s e  i n  Navier-Stokes 

c a l c u l a t i o n  can be e l i m i n a t e d .  S o l u t i o n s  o f  t h e  E u l e r  equat ions,  though 

i n v i s c i d ,  g i v e  t h e  c o r r e c t  phenomena t o  many o f  f l o w  problems. The i n t e g r a l  

form o f  t h e  E u l e r  equat ions i s  a p p l i e d  t o  t h i s  study. The i n t e g r a l  form may 

b e  impor tan t  f o r  t h e  c o r r e c t  c a p t u r i n g  o f  d i s c o n t i n u i t i e s  i n  t h e  f low.  The 

d i s c u s s i o n  on t h e  E u l e r  equat ions i s  g iven i n  Sect. 3.1. The E u l e r  equat ions 

a r e  d i s c r e t i z e d  b y  means o f  t h e  centered f i n i t e - v o l u m e  method. The f i n i t e -  

volume f o r m u l a t i o n  i s  ob ta ined by a p p l y i n g  t h e  i n t e g r a l  form o f  t h e  E u l e r  

equat ions t o  each g r i d  c e l l  o f  a g i v e n  g r i d .  The f i n i t e - v o l u m e  method i s  a 

c e l l - o r i e n t e d  r a t h e r  than g r i d  p o i n t s  o r i e n t e d .  The main advantage o f  t h e  

method i s  t h a t  i t  can b e  a p p l i e d  t o  t h e  general  geometry w i t h o u t  t h e  need f o r  

a g l o b a l  c o o r d i n a t e  t r a n s f o r m a t i o n  and i t  can t o l e r a t e  t h e  g r i d  s i n g u l a r i t i e s  

s i n c e  t h e  f l o w  equat ions are  balanced o n l y  w i t h i n  t h e  c e l l s  o f  t h e  g r i d .  The 

steady s t a t e  s o l u t i o n  i s  ob ta ined b y  means o f  t h e  t ime-dependent technique.  

The t i m e  d e r i v a t i v e  terms a r e  r e i n t r o d u c e d  t o  t h e  E u l e r  equat ions and t h e  

steady s t a t e  s o l u t i o n s  a r e  reached b y  e x p l i c i t l y  marching t h e  s o l u t i o n  

procedure i n  t i m e  from t h e  i n i t i a l l y  guessed s o l u t i o n s .  The th ree-s tage 

Runge-Kutta i n t e g r a t i o n  scheme i s  used t o  serve t h i s  purpose. S ince t h e  

t r a n s i e n t  s o l u t i o n s  a r e  o f  no concern, t h e  l o c a l  t i m e  s tep  s c a l i n g  i s  a p p l i e d  

t o  a c c e l e r a t e  t h e  s o l u t i o n s  t o  t h e  s teady-state.  The l i n e a r  and n o n - l i n e a r  

a r t i f i c i a l  d i s s i p a t i o n  terms a r e  a l s o  added t o  t h e  d i s c r e t e d  E u l e r  

equat ions.  The purpose o f  adding these terms i s  t o  impose an en t ropy  

c o n d i t i o n  which i s  r e q u i r e d  t o  e l i m i n a t e  t h e  non-phys ica l  shocks. Also,  t h e  

a d d i t i o n  o f  t h e  a r t i f i c i a l  d i s s i p a t i o n  terms he lps  t o  e l i m i n a t e  t h e  

o s c i l l a t i o n  of s o l u t i o n s  which prevents  t h e  s o l u t i o n s  f rom reach ing  t h e  s teady 
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s t a t e .  Boundary c o n d i t i o n s  a r e  o f  f o u r  types :  s o l i d  w a l l  c o n d i t i o n s ,  

i n f l o w / o u t f l o w  c o n d i t i o n s ,  i n t e r f a c e  c o n d i t i o n s  and c o o r d i n a t e  cu ts .  The 

f i n i t e - v o l u m e  d i s c r e t i z a t i o n  a long w i t h  numerical  t i m e  i n t e g r a t i o n  and 

boundary c o n d i t i o n s  a r e  descr ibed i n  d e t a i l  i n  Chap. 3. The concept o f  l o c a l  

t i m e  s t e p  s c a l i n g  and a r t i f i c i a l  d i s s i p a t i o n  a r e  a l s o  addressed. 

The a p p l i c a t i o n  o f  t h e  approach t o  t h e  f l o w  over  sphere a t  low Mach 

n u h e r  and t o  t h e  f l o w  over  a s lender  body a t  t h e  supersonic  Mach number a r e  

d iscussed i n  Sec. 4.1. R e s u l t s  ob ta ined from these a p p l i c a t i o n s  a r e  v e r y  

encouraging. Sec t ion  4.2 descr ibes  t h e  a p p l i c a t i o n  of t h e  m u l t i p l e  g r i d  

approach t o  t h e  f low over  a But ler -Wing c o n f i g u r a t i o n .  Again, good r e s u l t s  

have been obta ined.  The nex t  s t e p  i s  t o  app ly  t h e  approach t o  t h e  

i n t e r n a l / e x t e r n a l  f l o w  on a f i g h t e r - a i r c r a f t .  
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2. GRID GENERATION 

2.1 I n t r o d u c t i o n  

G r i d  genera t ion  i s  an i m p o r t a n t  procedure i n  CFD c a l c u l a t i o n .  The word 

" g r i d "  i s  g e n e r a l l y  used as a l a b e l  f o r  a complete s e t  o f  g r i d  p o i n t s .  Even 

though i t  i s  f e l t  t h a t  g r i d  genera t ion  and s o l u t i o n  procedure a r e  separate and 

d i s t i n c t  opera t ions ,  i n  p r a c t i c e ,  these two opera t ions  can never b e  t o t . a l l y  

independent. T h i s  i s  because the accuracy o f  s o l u t i o n s  depends upon g r i d s  on 

which t h e  p a r t i a l  d i f f e r e n t i a  equat ions are solved. I n  t u r n ,  t h e  l o g i s t i c  

s t r u c t u r e  o f  t h e  d a t a  (such as g r i d  spacing) ,  t h e  l o c a t i o n  o f  o u t e r  boundar ies 

and t h e  n a t u r e  o f  c o o r d i n a t e  c u t s  a re  i n f l u e n c e d  by t h e  n a t u r e  of s o l u t i o n s .  

Perhaps t h e  g r e a t e s t  problem o f  g r i d  genera t ions  i s  n o t  how t o  c o n s t r u c t  

g r i d s ,  r a t h e r ,  t h e  problem i s  d e f i n i n g  i n  s u f f i c i e n t  d e t a i l  what q u a l i t i e s  and 

p r o p e r t i e s  i n  a g r i d  a r e  d e s i r a b l e  f o r  a p a r t i c u l a r  numerical  method. 

The r e p r e s e n t a t i o n  o f  boundar ies i s  b e s t  accomplished when t h e  boundary 

i s  such t h a t  i t  i s  c o i n c i d e n t  w i t h  some c o o r d i n a t e  l i n e ,  f o r  then t h e  boundary 

can b e  made t o  pass th rough t h e  p o i n t s  o f  a g r i d  c o n s t r u c t e d  on t h e  c o o r d i n a t e  

l i n e s .  D i f f e r e n t  express ions a t ,  and adjacent  t o ,  t h e  boundary may then b e  

a p p l i e d  u s i n g  o n l y  g r i d  p o i n t s  and t h e  i n t e r s e c t i o n  of c o o r d i n a t e  l i n e s ,  

w i t h o u t  t h e  need f o r  any i n t e r p o l a t i o n  between p o i n t s  o f  t h e  g r i d .  The 

avoidance o f  i n t e r p o l a t i o n  i s  p a r t i c u l a r l y  impor tan t  f o r  boundar ies w i t h  

s t r o n g  c u r v a t u r e  o r  s lope d i s c o n t i n u i t i e s ,  b o t h  o f  which a r e  common i n  

p h y s i c a l  a p p l i c a t i o n s .  L ikewise,  i n t e r p o l a t i o n  between g r i d  p o i n t s  n o t  

c o i n c i d e n t  w i t h  t h e  boundar ies i s  p a r t i c u l a r l y  i n a c c u r a t e  w i t h  d i f f e r e n t i a l  

systems t h a t  produce l a r g e  g r a d i e n t s  i n  t h e  v i c i n i t y  of t h e  boundar ies,  and 

t h e  c h a r a c t e r  o f  t h e  s o l u t i o n  may b e  s i g n i f i c a n t l y  a l t e r e d  i n  such cases. I n  

most p a r t i a l  d i f f e r e n t i a l  systems t h e  boundary c o n d i t i o n s  a r e  t h e  dominant 
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i n f l u e n c e  on t h e  c h a r a c t e r  o f  t h e  s o l u t i o n ,  and t h e  use o f  g r i d  p o i n t s  n o t  

c o i n c i d e n t  w i t h  t h e  boundar ies ,  t hus ,  p laces  t h e  most i n a c c u r a t e  d i f f e r e n c e  

r e p r e s e n t a t i o n  i n  p r e c i s e l y  t h e  r e g i o n  o f  g r e a t e s t  s e n s i t i v i t y .  The 

genera t i on  o f  a c u r v i l i n e a r  coo rd ina te  system w i t h  coo rd ina te  l i n e s  c o i n c i d e n t  

w i t h  a l l  boundar ies,  so -ca l l ed  " b o u n d a r y - f i t t e d "  c o o r d i n a t e  system (F ig .  2.1), 

i s  t hus  an e s s e n t i a l  p a r t  o f  a general  numerical  s o l u t i o n  o f  a p a r t i a l  

d i f f e r e n t  i a1 system. 

Any p a r t i a l  system can be  so lved on t h e  b o u n d a r y - f i t t e d  c o o r d i n a t e  system 

b y  t rans fo rm ing  t h e  se t  of  p a r t i a l  d i f f e r e n t i a l  equat ions  o f  i n t e r e s t ,  and 

assoc ia ted  boundary c o n d i t i o n s ,  t o  t h e  c u r v i l i n e a r  system. Since t h e  

b o u n d a r y - f i t t e d  c o o r d i n a t e  system has coo rd ina te  l i n e s  c o i n c i d e n t  w i t h  t h e  

su r face  contours  o f  a l l  bod ies  presented, a l l  boundary c o n d i t i o n s  can be  

expressed a t  g r i d  p o i n t s ,  and normal d e r i v a t i e s  on t h e  bod ies  can b e  

represented us ing  o n l y  f i n i t e  d i f f e r e n c e  between g r i d  p o i n t s  on coo rd ina te  

l i n e s ,  w i t h o u t  need o f  any i n t e r p o l a t i o n ,  even though t h e  c o o r d i n a t e  system i s  

n o t  orthogonal  a t  t h e  boundary. The transformed equat ions  can then  be  

approximated us ing  f i n i t e  d i f f e r e n c e  expressions and so lved n u m e r i c a l l y  i n  t h e  

t rans formed plane. Thus, rega rd less  o f  t h e  shape o f  t h e  p h y s i c a l  boundar ies,  

and rega rd less  o f  t h e  spacing o f  t h e  f i n i t e  g r i d  i n  p h y s i c a l  f i e l d ,  a l l  

computat ions can be  done on a r e c t a n g u l a r  f i e l d  w i t h  a square mesh w i t h  no 

i n t e r p o l a t i o n  r e q u i r e d  on t h e  boundar ies.  Moreover, t h e  p h y s i c a l  boundar ies  

may even be  t ime  dependent w i t h o u t  a f f e c t i n g  t h e  g r i d  i n  t h e  t rans formed 

reg ion .  Another major advantage o f  u s i n g  b o u n d a r y - f i t t e d  coo rd ina tes  i s  t h a t  

t h e  computer so f tware  generated t o  approximate t h e  s o l u t i o n  o f  a g i ven  s e t  o f  

p a r t i a l  d i f f e r e n t i a l  equa t ion  i s  comple te ly  independent o f  t h e  p h y s i c a l  

geometry o f  t h e  problem. Numerical g r i d  genera t i on  i s  t hus  t h e  process o f  

e s t a b l i s h i n g  an ordered and s t r a t e g i c  d i s t r i b u t i o n  o f  g r i d  p o i n t s  i n  a 
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p h y s i c a l  c o o r d i n a t e  system cooresponding t o  a un i fo rm d i s t r i b u t i o n  o f  g r i d  

p o i n t s  i n  a r e c t a n g u l a r  computat ional  coord ina te  o p t i o n .  Some o f  t h e  b a s i c  

ideas o f  t h e  use o f  b o u n d a r y - f i t t e d  c u r v i l i n e a r  c o o r d i n a t e  systems i n  t h e  

numerical  s o l u t i o n  of p a r t i a l  d i f f e r e n t i a l  equat ions a r e  d iscussed i n  [31]. 

F i g u r e  2.2 i l l u s t r a t e s  p h y s i c a l  domain vs. computat ional  domain. 

Two pr imary  c a t e g o r i e s  f o r  a r b i t r a r y  c o o r d i n a t e  genera t ion  have been 

developed. They a r e  a l g e b r a i c  methods and p a r t i a l  d i f f e r e n t i a l  equat ion  

methods. The a1 geb r a i  c procedures i n c l  ude simp1 e normal i z a t  i on o f  boundary 

curves,  t r a n s f i n i t e  i n t e r p o l a t i o n  f rom boundary sur faces ,  t h e  use o f  

i n t e r m e d i a t e  i n t e r p o l a t i n g  surfaces, and v a r i o u s  o t h e r  techniques.  The 

p a r t i a l  d i f f e r e n t i a l  system may be e l l i p t i c  o r  h y p e r b o l i c .  Inc luded i n  

e l l i p t i c  systems a r e  b o t h  t h e  conformal and quasiconformal mappings, t h e  

former b e i n g  or thogonal .  Orthogonal systems do n o t  have t o  b e  conformal ,  and 

may b e  generated f rom h y p e r b o l i c  systems as w e l l  as f rom e l l i p t i c  systems. 

A lgebra ic  t r a n s f o r m a t i o n s  a r e  a t t r a c t i v e  i n  t h a t  no numer ica l  s o l u t i o n  o f  

a p a r t i a l  d i f f e r e n t i a l  system i s  invo lved.  Thus, t h e  pr imary  advantages o f  

a l g e b r a i c  methods are  speed and d i rec tness .  Major disadvantages o f  these 

methods i s  t h e  l a c k  o f  smoothness t h a t  r e s u l t s  when an e l l i p t i c  p a r t i a l  

d i f f e r e n t i a l  system i s  used t o  generate t h e  g r i d  and t r u n c a t i o n  e r r o r s  may be 

s i g n i f i c a n t  i n  reg ions  where t h e  g r i d  i s  n o t  smooth [32]. For ins tance,  t h e  

r e s u l t s  of Shang [33] show k i n k s  i n  t h e  s o l u t i o n  corresponding t o  reg ions  o f  

r a p i d  g r i d  spacing change r a d i a t i n g  outward f rom t h e  boundary. It should b e  

no ted  t h a t  l o c a l  c o n t r o l s  i n  t h e  m u l t i s u r f a c e  t r a n s f o r m a t i o n  [34] can b e  used 

t o  p revent  nonsmooth boundary b e h a v i o r  (e.g., s lope d i s c o n t i n u i t i e s )  f rom 

propagat ing  inward. T r a n s f i n i t e  i n t e r p o l a t i o n  descr ibed b y  Gordon and H a l l  

[35] i n  t h e  e a r l y  1970’s i s  a h i g h l y  genera l i zed  a l g e b r a i c  g r i d  g e n e r a t i o n  

method. T r a n s f i n i t e  i n t e r p o l a t i o n  i s  a p p l i e d  th rough a s e r i e s  of u n i v a r i a t e  
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i n t e r p o l a t i o n s  where b l e n d i n g  f u n c t i o n s  and t h e  assoc ia ted  parameters ( p o i n t  

p o s i t i o n  and/or d e r i v a t i v e s )  determine a g r i d .  For  aerodynamic a p p l i c a t i o n s ,  

Er iksson [36] and R i z z i  and Er iksson [37] have adopted t h e  o r i g i n a l  

t r a n s f i n i t e  i n t e r p o l a t i o n  f o r m u l a t i o n  t o  use o n l y  e x t e r i o r  boundary 

d e s c r i p t i o n s  and d e r i v a t i v e s  a t  c e r t a i n  boundar ies.  They have a l s o  

i n c o r p o r a t e d  exponent ia ls  i n t o  t h e  b l e n d i n g  f u n c t i o n s  t o  concent ra te  t h e  g r i d  

near an e x t e r i o r  boundary. The m u l t i s u r f a c e  method [30,34] developed by P e t e r  

Eiseman prov ides  formulas f o r  g r i d  d e f i n i t i o n  based on g r i d  d e s c r i p t i o n s  o f  

two boundary sur faces  and an arb i t rary  number o f  i n t e r m e d i a t e  c o n t r o l  

sur faces .  Choosing i n t e r p o l a n t s  (def ined s i m i l a r  t o  b l e n d i n g  f u n c t i o n s )  and 

t h e  placement o f  t h e  c o n t r o l  sur faces  determines g r i d  shape and spacing. The 

mu1 t i s u r f a c e  method has been used b y  E i  seman i n  numerous a p p l i c a t i o n s  [38,39] 

b u t  most n o t a b l y  f o r  cornputins g r i d s  about t u r b i n e  cascades. The two-boundary 

techn ique [40-421 i s  based on t h e  d e s c r i p t i o n  o f  two e x t e r i o r  boundar ies and 

t h e  a p p l i c a t i o n  o f  e i t h e r  l i n e a r  o r  h e r m i t e  c u b i c  po lynomia l  i n t e r p o l a t i o n  t o  

compute t h e  i n t e r i o r  g r i d .  For c u b i c  i n t e r p o  a t i o n ,  sur face d e r i v a t i o n s  

combined w i t h  magnitude c o e f f i c i e n t s  c o n t r o l  t h e  o r t h o g o n a l i t y  o f  t h e  g r i d  a t  

and near t h e  boundar ies.  

F o r  t h e  p a r t i a l  d i f f e r e n t i a l  equat ion  methods, a s e t  o f  p a r t i a l  

d i f f e r e n t i a l  equat ions must be so lved t o  o b t a i n  a c o o r d i n a t e  system. The 

p a r t i a l  d i f f e r e n t i a l  equat ions may b e  e l l i p t i c ,  h y p e r b o l i c  o r  p a r a b o l i c .  The 

methods based on e l  l i p t i c  p a r t i a l  d i f f e r e n t i a l  equat ions a r e  more genera l  

( s i n c e  a l l  boundar ies can b e  s p e c i f i e d )  , and more f u l l y  developed. T y p i c a l l y ,  

a p a i r  of Laplace equat ions  i s  so lved s u b j e c t  t o  Cauchy-Riemann boundary 

c o n d i t i o n s .  The e a r l i e s t  successfu l  development was f o r m a l l y  r e p o r t e d  b y  

Winslow [43], who s t a r t e d  w i t h  a Laplace system s u b j e c t e d  t o  D i r i c h l e t  

boundary c o n d i t i o n s .  Thompson, e t  a1 . [44] added p e r i o d i c  boundary c o n d i t i o n s  
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t o  produce branch c u t s  f o r  v a r i o u s  t o p o l o g i c a l  c o n f i g u r a t i o n s  and who a l s o  

suggested t h a t  c o n t r o l  over  t h e  g r i d  cou ld  b e  accomplished b y  a l t e r i n g  t h e  

o r i g i n a l  Laplace system. The a l t e r a t i o n  i s  t o  cons ider  a p a i r  o f  Poisson 

equat ions b y  i n c l u d i n g  s p e c i f i c a t i o n s  f o r  t h e  r i g h t - h a n d  sides. These are  

c a l l e d  f o r c i n g  terms and a r e  general  f u n c t i o n s  of t h e  c u r v i l i n e a r  v a r i a b l e s .  

The p a r t i c u l a r  form t o  b e  used was e s t a b l i s h e d  l a t e r  by Thompson e t  a1 . [45] .  

Without f o r c i n g  terms, Mast in  and Thompson [46]  were a b l e  t o  show t h a t  t h e  

two-dimensional  system a n a l y t i c a l l y  d e f i n e d  nons ingu la r  t r a n s f o r m a t i o n .  

Conformal mapping methods can a l s o  b e  i n c l u d e d  i n  t h e  e l l i p t i c  methods. Mehta 

and Lavan [47] have g iven a s o l u t i o n  about a m o d i f i e d  Joukowski a i r f o i l  

accomplished by genera t ing  a c o o r d i n a t e  system w i t h  a conformal Joukowski 

Trans format ion  and s o l v i n g  t h e  Navier-Stokes equat ions on t h e  system. More 

examples o f  conformal mapping methods are  g i v e n  i n  Sampath C481, Wu e t  a l .  

[49] ,  and Napo l i tano e t  a l .  [50] .  When o n l y  one p h y s i c a l  boundary i s  

s p e c i f i e d ,  h y p e r b o l i c  p a r t i a l  d i f f e r e n t i a l  equat ions may b e  used t o  o b t a i n  a 

g r i d  b y  s p a t i a l  marching f rom t h e  g i v e n  boundary. The remain ing boundar ies 

a r e  determined b y  t h e  s o l u t i o n  and a r e  g e o m e t r i c a l l y  un impor tant  i n  cases such 

as t h e  e x t e r n a l  f l o w  about a s i n g l e  o b j e c t .  A fundamental development has 

been g iven by S t a r i u s  [51], and one which was w e l l  s u i t e d  t o  body concav i ty  

has been presented b y  Stager  and Sorenson [52]. The p a r a b o l i c  system can b e  

a p p l i e d  t o  generate t h e  g r i d  between t h e  two boundar ies o f  a doubly-connected 

r e g i o n  w i t h  each o f  these boundar ies s p e c i f i e d  [53-551. The drawbacks o f  t h e  

h y p e r b o l i c  scheme are :  1) t h e  o u t e r  boundary can n o t  b e  s p e c i f i e d .  2 )  t h e  

scheme tends t o  propagate s i n g u l a r i t i e s  o f  t h e  boundary c o n d i t i o n  i n t o  t h e  

f low domain and 3) t h e  s o l u t i o n  may become u n s t a b l e  un less  an a r t i f i c i a l  

v i s c o s i t y  term i s  adequate ly  added t o  t h e  equat ions.  On t h e  o t h e r  hand, t h e  

major  d r a k a c k  o f  t h e  p a r a b o l i c  scheme i s  t h a t  m a i n t a i n i n g  o r t h o g o n a l i t y  o f  
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g r i d  needs much e f f o r t .  Nakamura and Suzuki [56] have conbined these two 

schemes i n t o  a s i n g l e  scheme t h a t  takes  advantages o f  t h e  two b u t  e l i m i n a t e s  

t h e  drawbacks of each. Both h y p e h o l i c  and p a r a b o l i c  methods have t h e  

advantage o f  b e i n g  g e n e r a l l y  f a s t e r  than e l l i p t i c  methods, b u t  a r e  a p p l i c a b l e  

o n l y  t o  c e r t a i n  c o n f i g u r a t i o n s .  

It has been shown t h a t  t h e  p a r t i a l  d i f f e r e n t i a l  equat ion  approach 

produces t h e  smoothest g r i d s  f o r  general boundary p o i n t  d i s t r i b u t i o n s  w h i l e  

t h e  a l g e b r a i c  approach i s  t h e  f a s t e s t  procedure. Regardless o f  which approach 

i s  taken, c r e a t i o n  of a computat ional  g r i d  r e q u i r e s  ( i )  d e f i n i n g  an accura te  

mathematical  d e s c r i p t i o n  o f  a l l  s o l i d  sur faces  i n  t h e  computat ional  domain and 

i i )  genera t ing  an " a p p r o p r i a t e "  g r i d  around these sur faces  accord ing  t o  some 

c r i t e r i o n ,  u s u a l l y  w i t h  a s p e c i f i e d  p o i n t  d i s t r i b u t i o n .  Graphic f a c i l i t y  i s  

v e r y  u s e f u l  when t h r e e  dimensions a r e  invo lved.  An impor tan t  f e a t u r e  i s  t h e  

a b i l i t y  t o  r o t a t e  and t r a n s l a t e  g r i d  sur faces  i n  r e a l  t i m e  f o r  i n s p e c t i o n .  

I n  t h i s  s tudy,  a l g e b r a i c  approach has been taken due t o  i t s  speed and 

d i r e c t n e s s .  Two boundary technique [40-42) has been used t o  o b t a i n  boundary 

sur faces.  The i n t e r i o r  g r i d  p o i n t s  have been ob ta ined by a p p l y i n g  t h e  

a t i o n  

found 

t r a n s f i n i t e  i n t e r p o l a t i o n  technique.  Some d e t a i l  o f  t r a n s f i n i t e  

i s  g i v e n  i n  t h e  nex t  sec t ion .  D e t a i l s  o f  two boundary techn ique 

i n  Ref. [40]. 

n t e r p o  

can b e  

2.2 T r a n s f i n i t e  I n t e r p o l a t i o n  

The i d e a  o f  u s i n g  i n t e r p o l a t i o n  as a means of c o n s t r u c t i n g  genera l  

c u r v i l i n e a r  c o o r d i n a t e  systems stems from t h e  f a c t  t h a t  i n  most cases, t h e  

c o o r d i n a t e s  o r  g r i d  p o i n t s  a r e  known on severa l  or on a l l  o f  t h e  boundar ies of  

t h e  computat ional  domain and t h e  problem c o n s i s t s  of ex tend ing  t h i s  g r i d  i n t o  

t h e  i n t e r i o r  o f  t h e  domain. I n t e r p o l a t i o n  from t h e  boundar ies i n t o  t h e  
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i n t e r i o r  o f  t h i s  r e g i o n  can be  accomplished by  t h e  s o - c a l l e d  t r a n s f i n i t e  

i n t e r p o l a t i o n  concept (sometimes r e f e r r e d  t o  as t h e  b l e n d i n g  f u n c t i o n  

method). T r a n s f i n i t e  i n t e r p o l a t i o n  i s  a h i g h l y  genera l i zed  a l g e b r a i c  g r i d  

genera t i on  method. T r a n s f i n i t e  i n t e r p o l a t i o n  i s  a p p l i e d  th rough a s e r i e s  o f  

u n i v a r i a t e  i n t e r p o l a t i o n s  where b l e n d i n g  f u n c t i o n s  and t h e  assoc ia ted  

parameters ( p o i n t  p o s i t i o n  and/or d e r i v a t i v e s )  determine a g r i d .  The concept 

was o r i g i n a l l y  developed by  Coons [57] and subsequent ly extended b y  Gordon 

[58]. One o f  t h e  e a r l i e s t  2D g r i d  genera t i on  a p p l i c a t i o n s  u s i n g  t r a n s f i n i t e  

i n t e r p o l a t i o n  i s  descr ibed i n  Gordon and H a l l  [35]. A few examples o f  30 

a p p l i c a t i o n s  a re  t h e  works o f  Gerhard [59], Anderson and Spradley [60], and 

Spradley e t  a1 [61]. I n  these a p p l i c a t i o n s ,  t h e  t r a n s f i n i t e  i n t e r p o l a t i o n  i n  

i t s  s imp les t  form i s  used, i . e .  w i t h  no c o n t r o l  of t h e  normal d e r i v a t i v e s  o f  

t h e  g r i d  coo rd ina tes  a t  t h e  boundar ies.  Er iksson [36,62] and Er i ksson  and 

R i z z i  [63] have cons t ruc ted  a scheme which a l l ows  f o r  t h e  s p e c i f i c a t i o n  o f  any 

number o f  normal d e r i v a t i v e s  o f  t h e  g r i d  coo rd ina tes  on t h e  boundar ies.  The 

p r e c i s e  c o n t r o l  o f  t h e  r e s u l t i n g  coo rd ina te  system o r  g r f d  t h a t  t h i s  f e a t u r e  

p rov ides  has made i t  p o s s i b l e  t o  generate g r i d s  o f  advanced t y p e  t h a t  a r e  b o t h  

smooth and e f f i c i e n t  i n  terms o f  r e s o l u t i o n  f o r  a g i ven  number o f  g r i d  

p o i n t s .  

Apar t  f rom g i v i n g  good g r i d  c o n t r o l  t h e  t r a n s f i n i t e  i n t e r p o l a t i o n  

concept o f f e r s  speed and s i m p l i c i t y  when implemented on computers. The speed 

f a c t o r  i s  v e r y  impor tan t  f o r  3D a p p l i c a t i o n s  because t h e  genera t i on  o f  a 

d e s i r a b l e  g r i d  f o r  a g i ven  geometry i s  u s u a l l y  a process i n v o l v i n g  a s e r i e s  o f  

g r i d  genera t i on  runs w i t h  v i s u a l  checks and adjustments i n  between. Th is  f a c t  

i s  n o t  always apprec ia ted  when e v a l u a t i n g  t h e  c o s t  o f  g r i d  genera t ion .  

N a t u r a l l y ,  a good g raph ics  so f tware  package i s  an i n t e g r a l  p a r t  o f  any 30 mesh 

genera t i on  system. 
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The t h e o r y  o f  t r a n s f i n i t e  i n t e r p o l a t i o n  i s  a v e r y  general  concept o f  
+ 

m u l i t v a r i a t e  i n t e r p o l a t i o n  and i s  o u t l i n e d  b r i e f l y .  L e t  f (u ,v ,w)  = [x(u,v,w) , 
y(u,v,w), z(u,v,w)] denote a vec tor -va lued f u n c t i o n  o f  t h r e e  parameters u,v,w 

d e f i n e d  on t h e  r e g i o n  ul<u <u vl<v <v wl<w (wr. T h i s  f u n c t i o n  i s  known 

only on c e r t a i n  p lanes i n  t h e  reg ion ,  F ig .  2.3, 
P '  q '  

+ + 
f ( u  ?V,W) = ak(v:w) ; k = 1 ,2 , * * * ,p  

k 

+ + 
f(u,v,w ) = ck(ulv) ; k = l12,...,r . 

k 
A s e t  o f  u n i v a r i a t e  b l e n d i n g  f u n c t i o n s  

i s  needed t o  i n t e r p o l a t e  between these g iven planes. 

The t r a n s f i n i t e  i n t e r p o l a t i o n  procedure then g i v e s  t h e  i n t e r p o l a t e d  
+ 

f u n c t i o n  f(u,v,w) by t h e  r e c u r s i v e  a l g o r i t h m  

P + -b 

fl(ulv.w) = c a (u)  a (v,w) 
k = l  

k k 



I 
I 
8 
8 
I 
8 
I 
8 
I 
1 
8 
8 
8 
1 
I 
1 
1 
1 
I 

16 
+ 

The f u n c t i o n  f now d e f i n e s  a t r a n s f o r m a t i o n  f rom t h e  r e g i o n  

u1 <u <u $ v 1 <v <v q, w1 <w <wr i n  u,v,w space t o  some a rb i t ra r i l y  shaped r e g i o n  i n  

t h e  x,y,z space. It can b e  v e r i f i e d  t h a t  i f  t h e  s p e c i f i c a t i o n  o f  f on t h e  
+ 

planes u = u1,*..,up; v = vl"'vq and w = wl,o~ol wr i s  a t  t h e  

i n t e r s e c t i o n s  o f  these p lanes t h e  e x p l i c i t  o r d e r  o f  t h e  i n t e r p o l a t i o n  

cont inuous  

d i r e c t i o n s  chosen i n  t h e  t h r e e - s t e p  a l g o r i t h m  does n o t  a f f e c t  t h e  i n t e r p o l a n t .  

The i n t e r p o l a t i o n  procedure j u s t  descr ibed can g i v e  any degree o f  c o n t r o l  

i f  a s u f f i c i e n t  number o f  i n t e r n a l  sur faces  a r e  s p e c i f i e d ,  b u t  t h e  c o n t r o l  i s  

g e n e r a l l y  poor i f  no i n t e r n a l  s u r f a c e  i s  d e f i n e d  a t  a l l .  I n  o r d e r  t o  improve 

t h e  c o n t r o l  w h i l e  m a i n t a i n i n g  minimum i n p u t  geometry data,  a genera l i zed  

t r a n s f i n i t e  i n t e r p o l a t i o n  procedure which uses d e r i v a t i v e s  o f  t h e  

f u n c t i o n  f i n  t h e  o u t - o f - s u r f a c e  d i r e c t i o n ,  i n  a d d i t i o n  t o  t h e  f u n c t i o n  
+ 

i t s e l f  , can b e  def ined. The e f f e c t  o f  s p e c i f y i n g  o u t - o f - s u r f a c e  d e r i v a t i v e s  

o f  f (F ig .  2.4) i s  t o  i n t r o d u c e  a d i r e c t  c o n t r o l  o f  t h e  e s s e n t i a l  p r o p e r t i e s  
+ 

o f  t h e  mapping f u n c t i o n  i n  t h e  v i c i n i t y  o f  t h e  sur face.  The s p e c i f i e d  da ta  

a r e  w r i t t e n  as 

au 

n k = 1,2 

n = O , l , Z , * * * , q  a +  +(n) 
k 

- f(UYVk:w) = b (u,w) ; 
n k 

av 

n k = 1.2 

"k 
+(n) n = O , l , Z , . * *  

a +  - f(u,v,w 1 = c (u ,v)  ; 
k n ' - - k '  

aw 

+ 
which i s  s imply  t h e  s p e c i f i c a t i o n  o f  f and on f i n i t e  number o f  o u t - o f - s u r f a c e  

d e r i v a t i v e s  o f  f on t h e  o u t e r  sur faces  o f  t h e  r e g i o n  u1<u<u2, v z < v ~ v 2 y  w1<w<w2 

i n  u,v,w space ( F i g .  2 . 5 ) .  To i n t e r p o l a t e  f i n t o  t h e  i n t e r i o r  of t h i s  

+ 

+ 

paramet r ic  box,  a new s e t  o f  u n i v a r i a t e  b l e n d i n g  f u n c t i o n s  i s  d e f i n e d  as 
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d n ) ( u )  ; k = 1 ? 2  n = 0,1,2,***  "k 

( n ) ( ~ )  ; k = 1,2 n = 0,1,2,*..,qk 
'k 

yLn)(w) ; k = 1,2 n = 0,1,2,*.* ' rk 
. 

which have t o  s a t i s f y  t h e  c o n d i t i o n s  

The g e n e r a l i z e d  t r a n s f i n i t e  i n t e r p o l a t i o n  a l g o r i t h m  i s  then w r i t t e n  

k = l  n=o 

r 
n 

a 

aw 

2 k  
+ + 44 

( n ) ( w )  [c  (u,v)  - - k n 2  'k 
f (U,V,W) = f (U,V,W) + E C 

2 
k = l  n=o 

3 

+ 
The f u n c t i o n  f now d e f i n e s  a t r a n s f o r m a t i o n  from t h e  r e g i o n  u1<u<u2, 

v <v(v2, w <w<w i n  u,v,w space t o  some a r b i t r a r i l y  shaped r e g i o n  o f  x,y,z 1 1 2  

space. 
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Genera l l y  speaking, t h e  method o f  t r a n s f i n i t e  i n t e r p o l a t i o n ,  i s  a v e r y  

simp1 e and s t r a i g h t f o r w a r d  concept t h a t  o f f e r s  v i r t u a l l y  un l  i m i  t e d  

p o s s i b i l i t i e s ;  b u t  f o r  any p a r t i c u l a r  a p p l i c a t i o n ,  i t  i s  necessary t o  supply  a 

c e r t a i n  amount o f  geometry da ta  t o  o b t a i n  a c e r t a i n  degree o f  c o n t r o l  o f  t h e  

t r a n s f o r m a t i o n .  It i s  up t o  t h e  user  t o  ba lance t h e  requi rements o f  minimum 

i n p u t  geometry da ta  and maximum c o n t r o l .  

2.3 Mappi ng Type and S i  ngul  a r i  t i e s  

It i s  c l e a r  f rom prev ious  s e c t i o n s  t h a t  t h e  f i r s t  stage of g r i d  genera t ion  

procedure i s  t h e  s p e c i f i c a t i o n  o f  g r i d  c o o r d i n a t e  da ta  on t h e  boundar ies.  

Thus, t h e  correspondence between t h e  boundar ies i n  t h e  p h y s i c a l  domain and t h e  

computat ional  domain has t o  b e  made c l e a r .  It i s  then, necessary t o  determine 

t h e  o v e r a l l  s t r u c t u r e  o f  t h e  mapping between these domains. For a g i v e n  

geometry, t h e r e  a r e  g e n e r a l l y  severa l  p o s s i b l e  mapping types  w i t h  d i f f e r e n t  

c h a r a c t e r i s t i c s  i n  terms o f  e f f i c i e n c y ,  c o o r d i n a t e  c u t s ,  s i n g u l a r i t i e s ,  e t c .  

Fo r  example, t h e r e  are  a t  l e a s t  s i x  n a t u r a l  mapping types  f o r  t h e  e x t e r i o r  

r e g i o n  o f  a t y p i c a l  a i r f o i l  F ig .  2.6. A l l  o f  these a l t e r n a t i v e  mapping types  

g i v e  b o u n d a r y - f i t t e d  coord ina tes  b u t  v a r i e s  markedly i n  terms of  g r i d  

e f f i c i e n c y ,  i.e. t h e  r e s o l u t i o n  per  g r i d  p o i n t .  It has been shown t h a t  t h e  

mapping t y p e  des ignated  0-0 i s  t h e  most e f f i c i e n t  f o r  such a c o n f i g u r a t i o n  

[64]. The n o t a t i o n  0-0 i s  t o  b e  i n t e r p r e t e d  as " t y p e  0 i n  t h e  chordwise 

d i r e c t i o n ,  t y p e  0 i n  t h e  spanwise d i r e c t i o n " ,  u s i n g  t h e  20 n o t a t i o n  shown i n  

F i g .  2.6. F i g u r e  2.7 i l l u s t r a t e s  t h e  0-0 mapping t y p e  o f  a wing- fuselage 

c o n f i g u r a t i o n .  As shown i n  t h e  f i g u r e ,  t h e  e n t i r e  wing i s  mapped t o  t h e  bo t tom 

o f  t h e  computat ional  box, t h e  e n t i r e  o u t e r  boundary i s  mapped t o  t h e  t o p  and 

t h e  combined p lane o f  symmetry and fuse lage i s  mapped t o  one o f  t h e  s i d e  

sur faces.  The remain ing t h r e e  sur faces  o f  t h e  computat ional  box c o n s t i t u t e  
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c u t s ,  i .e. t h e y  correspond t o  i n t e r i o r  sur faces  i n  t h e  p h y s i c a l  domain across 

which t h e  v a r i o u s  f l o w  p r o p e r t i e s  a r e  cont inuous.  

F i g u r e  2.8 shows t h a t  t h e  0-0 mapping t y p e  g i v e s  r i s e  t o  two s i n g u l a r  

l i n e s  ex tend ing  f rom t h e  two t i p  corners o f  t h e  wing t o  t h e  o u t e r  boundary. 

Grid s i n g u l a r i t y  i s  d e f i n e d  as a p lace  i n  t h e  p h y s i c a l  domain where t h e  

Jacobian o f  t r a n s f o r m a t i o n  i s  zero o r  unbounded (depend upon how t h e  Jacobian 

i s  d e f i n e d ) .  G r i d  s i n g u l a r i t i e s  a r e  undes i rab le  b u t  v e r y  o f t e n  unavoidable and 

any p r a c t i c a l  f i n i t e  d i f f e r e n c e  scheme must b e  a b l e  t o  cope w i t h  them. I f  t h e  

phys ics  near a s i n g u l a r i t y  i s  n o t  o f  p r imary  i n t e r e s t ,  t h e  f i n i t e  d i f f e r e n c e  

s o l u t i o n s  can b e  ob ta ined i n  t h i s  r e g i o n  p r o v i d i n g  t h a t  t h e  s i n g u l a r  p o i n t s  

themselves a r e  e x c l  uded. Another p r a c t i c a l  approach t o  d e a l i n g  w i t h  

s i n g u l a r i t i e s  i s  t o  leave t h e  boundary sur faces  open (F ig .  2.9). However, t h i s  

r e q u i r e s  t h a t  assumptions be made about t h e  phys ics  t h a t  must b e  i n c l u d e d  i n  

t h e  s o l u t i o n  procedure. T h i s  s tudy f o l l o w s  t h e  s o - c a l l e d  f i n i t e - v o l u m e  method, 

which i s  a c o n s e r v a t i v e  c e l l - o r i e n t e d  method, and can b e  shown t o  b e  s t a b l e  

r e g a r d l e s s  o f  t h e  t y p e  o f  s i n g u l a r i t y  invo lved.  The d i s c u s s i o n  on t h e  f i n i t e  

volume approach i s  g i v e n  i n  s e c t i o n  3.1. 

Since s i n g u l a r i t i e s  always assoc ia te  w i t h  t h e  mapping types,  and some 

types  o f  s i n g u l a r i t i e s  a r e  more severe than t h e  o t h e r s ,  i t  i s  impor tan t  t o  seek 

t h e  best type o f  mapping f o r  a given geometry, both from the viewpoint o f  e f f i c iency  

and from the viewpoint o f  accuracy. For example, the C-H mapping has been the most 

popular type f o r  f low canputations around wings, even though t h i s  mapping has the more 

severe k ind of s ingular  l i n e  along the  wing t i p .  Also, reference [64] has shown t h a t  

t h i s  type o f  mapping i s  not as e f f i c i e n t  as other types o f  mapping ( f o r  example 0-0 

type). This f a c t  can be explained t h a t  the C-H mapping can be obtained by a simple 

"stacking" o f  2D chordwise gr ids (C-types) i n  the spanwise d i rect ion,  i.e. by a "quasi- 

3D" method. Fran the  discussion i n  t h i s  section: i t  may seen t h a t  the  pr ice  t o  b e  paid 

f o r  using such a simple g r i d  generation technique i s  high. 
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2.4 M u l t i p l e  Gr ids  

The d i s c u s s i o n  so f a r  have been l i m i t e d  t o  t h e  t o p i c  o f  s i n g l e - b l o c k  

g r i d s ,  i .e. ,  g r i d s  t h a t  map t h o  p h y s i c a l  domain o n t o  a " s l a b "  i n  t h e  

computat ional  domain. T h i s  t y p e  o f  mapping i s  v e r y  d e s i r a b l e  due t o  i t s  

s i m p l i c i t y .  However, f o r  v e r y  compl icated geometr ies i t  can b e  d i f f i c u l t  t o  

generate s i n g l e - b l o c k  g r i d  t h a t  a r e  b o t h  reasonably smooth and e f f i c i e n t .  An 

example o f  such a complex r e g i o n  i s  t h e  e x t e r i o r  o f  a complete a i r p l a n e  w i t h  

severa l  1 i f t i  ng sur faces.  Each component o f  an a i r c r a f t  , i n  genera l  , r e q u i r e s  

a g r i d  system t h a t  i s  u s u a l l y  i n c o m p a t i b l e  w i t h  t h e  g r i d  systems o f  t h e  o t h e r  

components. Thus, t h e  genera t ion  o f  a s i n g l e  b o u n d a r y - f i t t e d  g r i d  f o r  t h e  

e n t i r e  c o n f i g u r a t i o n  i s  a d i f f i c u l t  t a s k ,  i f  i t  i s  p o s s i b l e  a t  a l l .  I n  such a 

g l o b a l  g r i d ,  c o n t r o l  o f  g r i d  p o i n t  d i s t r i b u t i o n ,  skewness and c l u s t e r i n g  w i l l  

b e  d i f f i c u l t  t o  achieve. For example, a g r i d  which prov ides  s u f f i c i e n t  

r e s o l u t i o n  o f  g r i d  p o i n t s  i n  a r e g i o n  may r e s u l t  i n  an excess ive number o f  g r i d  

p o i n t s  i n  o t h e r  reg ions.  Convergence t o  machine zero may n o t  b e  achieved i f  

t h e  number of g r i d  p o i n t s  i s  excessive. To s i m p l i f y  t h i s  problem, i t  i s  

becoming more common t o  use severa l  g r i d s  a t  once, each i n  a d i f f e r e n t  

c o o r d i n a t e  system C651, f o r  example see F ig.  2.10. Th is  approach, c a l l e d  

" m u l t i p l e  g r i d s "  o r  ' 'zonal g r i d s "  approach ( t h e  terms ''zone" o r  "b lock"  i s  a l s o  

used i n t e r c h a n g e a b l y )  , f a l l s  i n t o  two c a t a g o r i e s :  g r i d  p a t c h i n g  and g r i d  

embedding. The approach subd iv ides  a compl icated domain i n t o  subdonains which 

can accomodate e a s i l y  generated g r i d s .  For  t h e  patched g r i d  approach, t h e  

g l o b a l  g r i d  i s  formed b y  p a t c h i n g  t o g e t h e r  a l l  t h e  i n d i v i d u a l  g r i d s .  The 

computed g r i d  l i n e s  i n  ad jacent  g r i d s  may b e  made t o  a l i g n  a t  t h e  g r i d  

i n t e r f a c e  w i t h  complete c o n t i n u i t y  [66,67], o r  w i t h  cont inuous l i n e s  s lope 

[64,681, o r  d i s c o n t i n u i t y  i n  s lope [691, o r  perhaps n o t  a l i g n  each o t h e r  a t  

a l l .  Robert  and Lee C691 combine t h e  subdomain g r i d  i n  such a manner t h a t  t h e  



21 

r e s u l t a n t  g l o b a l  g r i d  i s  cont inuous across patch boundar ies.  Moreover, g r i d  

i r r e g u l a r i t i e s  f r e q u e n t l y  occur a t  t h e  corners  o f  t h e  subdomain and a t  sur face  

per imeter  l i n e s .  Such i r r e g u l a r i t i e s  impose c o n s t r a i n t s  upon t h e  cho ice  o f  t h e  

numer ica l  a l g o r i t h m  used f o r  s o l u t i o n s  o f  t h e  f l o w  equat ions.  L a s i n s k i  e t  a l .  

[70] have demonstrated a patched g r i d  technique f o r  s o l u t i o n  o f  t h e  t h i n  l a y e r  

Navi er-Stokes equat ion.  They s o l v e  t h e  f l o w  equat ions on each g r i d  

s e p a r a t e l y .  The s o l u t i o n s  a r e  coupled b y  t h e  t r a n s f e r  o f  boundary da ta  a t  t h e  

c o i n c i d e n t  boundary p o i n t s  between g r i d s .  References [71-741 a1 so i l l u s t r a t e  

t h e  use o f  patched g r i d  approach. The g r i d  embedding approach does n o t  need 

common boundary between g r i d s ,  b u t  r a t h e r ,  t h e  v a r i o u s  subdomain g r i d s  a r e  o n l y  

r e q u i r e d  t o  o v e r l a p  t o  p r o v i d e  communication among g r i d s  f o r  f l o w  so lvers .  The 

development and a n a l y s i s  o f  s o l u t i o n  procedures on g r i d  embedding approach have 

been s t u d i e d  b y  S t a r i u s  [75,76], K r e i s s  [77], and Mast in  and McConnaughey 

[78]. The p r a c t i c a l  a p p l i c a t i o n  of o v e r l a p p i n g  g r i d s  t o  t h e  s o l u t i o n  o f  

problems i n  computat ional  f l u i d  dynamics has been demonstrated b y  A t t a  [65], 

Thompson [79], Steger and Buning [80], and Benek e t  a1 . [81]. Steger e t  a1 . 
[82,83] have a p p l i e d  t h e  g r i d  embedding techn ique t o  an a i r f o i l / f l a p  i n  

incompress ib le  f l o w  [82] and i n  subsonic, compress ib le  f l o w  [83]. A t t a  and 

Vadyak [84] have ob ta ined a p o t e n t i a l  s o l u t i o n  f o r  a w ing /nace l le  geometry. 

These s t u d i e s  have demonstrated t h a t  t h e  technique can b e  a p p l i e d  t o  subsonic 

f low.  However, f o r  t h e  t r a n s o n i c  f l i g h t  regime Benek e t  a l .  [83] have found 

t h a t  t h e i r  s i n g l e  t r i a l  s o l u t i o n  r e s u l t e d  i n  an i l l - d e f i n e d  shock wave a t  t h e  

g r i d  boundar ies and e x h i b i t e d  poor convergence. The s t u d i e s  by Dougherty [85] 

i n d i c a t e  t h a t  f o r  a d i f f e r e n t  g r i d  geometry and a l g o r i t h m ,  these problems may 

n o t  be t o o  severe. F i g u r e  2.11 i l l u s t r a t e s  an example o f  g r i d  p a t c h i n g  V.S. 

g r i d  embedding. E a r l y  e f f o r t s  t o  p r e d i c t  mult ip le-component c o n f i g u r a t i o n s  a r e  

based on t h e  t r a n s o n i c  smal l  d i s t u r b a n c e  f o r m u l a t i o n  [86-881. E f f o r t s  t o  
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p r e d i c t  t h e  f l o w  f i e l d  about a complete a i r c r a f t  c o n f i g u r a t i o n  u s i n g  a s i n g l e  

g r i d  approach have been made b y  Yu [89]. However, t h e  requirement o f  exact  

b o u n d a r y - f i t t e d  g r i d s  a long c e r t a i n  boundary l i n e s  i s  re laxed.  Thus, t h e  exact  

implementat ion o f  boundary c o n d i t i o n s  i s  n o t  obtained. 

The m u l t i p l e  g r i d  approach has a number o f  advantages. F i r s t ,  t h e  

d i f f i c u l t y  i n  genera t ing  three-d imensional  g r i d s  f o r  d i f f e r e n t  types  o f  complex 

c o n f i g u r a t i o n s  can be e l i m i n a t e d .  Second, t h e  approach a l l o w s  d i f f e r e n t  types  

o f  g r i d  t o p o l o g i e s  t o  b e  implemented i n  each subdomain i n  o r d e r  f o r  g r i d s  t o  b e  

m e s h - e f f i c i e n t ,  i.e., more g r i d  p o i n t s  near a s o l i d  body o r  shock and l e s s  g r i d  

p o i n t s  elsewhere. S ince i t  i s  w e l l  known t h a t  skewness, r a p i d  volume 

v a r i a t i o n ,  and l a r g e  c e l l  aspect  r a t i o s  degrade t h e  convergence r a t e  o f  an 

a l g o r i t h m ,  i t  seems p l a u s i b l e  t h a t  t h e  enhanced g r i d  p o i n t  c o n t r o l  a f f o r d e d  t h e  

m u l t i p l e  g r i d s  apporach w i l l  a l s o  r e s u l t  i n  improved a l g o r i t h m  performance. 

T h i r d ,  i t  may a l s o  b e  c o m p u t a t i o n a l l y  e f f i c i e n t  t o  s o l v e  d i f f e r e n t  equat ion  

s e t s  i n  t h e  v a r i o u s  subdomain g r i d s ,  such as v iscous  Navier-Stokes near  t h e  

body and i n v i s c i d  p o t e n t i a l  i n  t h e  o u t e r  f i e l d .  Chader j ian and Steger [go] 

have demonstrated t h i s  i d e a  b y  s o l v i n g  t h e  e u l e r  equat ions i n  one zone and t h e  

dual  p o t e n t i a l  equat ions i n  t h e  d h e r  f o r  t h e  t r a n s o n i c  f l o w  over  a l i f t i n g  

a i r f o i l .  

A common d i f f i c u l t y  t o  t h e  m u l t i p l e  g r i d  approach i s  c o n s t r u c t i n g  a p roper  

scheme f o r  i n f o r m a t i o n  exchange among t h e  d i f f e r e n t  subdomain g r i d s .  The 

i n f o r m a t i o n  exchange has t o  b e  n o t  o n l y  c o n s i s t e n t  w i t h  t h e  govern ing 

equat ions,  b u t  should a l s o  l e a d  t o  a s t a b l e  e f f i c i e n t  scheme. This  s o - c a l l e d  

" i n t e r f a c e  c o n d i t i o n s "  i s  r e q u i r e d  t o  guarantee t h e  convergence t o  a weak 

s o l u t i o n  o f  t h e  govern ing equat ions i f  t h e  a l g o r i t h m  converges. The m u l t i p l e  

g r i d  approach r e s u l t s  i n  new boundary w i t h i n  each subdomain g r i d ,  i.e., a t  t h e  

i n t e r f a c e s  o f  v a r i o u s  g r i d s .  Since these boundar ies a r e  n o t  t h e  p h y s i c a l  
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impor tan t  t o  t r e a t  g r i d  p o i n t s  on t h e  i n t e r f a c e s  w i t h  c a r e  i n  

i n f o r m a t i o n  f rom one g r i d  t o  another  a c c u r a t e l y .  The most 

i s  t o  i n t e r p o l a t e  t h e  s o l u t i o n s  i n  one g r i d  t o  p r o v i d e  

necessary boundary da ta  f o r  another.  Since t h e  c l a s s i c a l  i n t e r p o l  a t i o n  

formulas were n o t  d e r i v e d  w i t h  conserva t ion  p r o p e r t i e s  i n  mind, t h e i r  use i n  

f i n i t e - d i f f e r e n c e  approx imat ion on m u l t i p l e  g r i d s  would r e s u l t  i n  t h e  l o s s  o f  

an exact  conserva t ion  p r o p e r t y .  Eberhardt  and Banganoff [91] have shown t h a t  

shock waves c r o s s i n g  embedded g r i d  boundar ies can become ill d e f i n e d  and 

convergence i s  g e n e r a l l y  degraded when t h e  i n t e r p o l a t i o n  procedure i s  used. 

They have a l s o  shown t h a t  t h e  c h a r a c t e r i s t i c  approach i s  s u p e r i o r  b u t  suggested 

t h a t  t h e  use o f  c o n s e r v a t i v e  p r o p e r t i e s  would b e  most d e s i r a b l e .  For t h e  

e x i s t e n c e  o f  s o l u t i o n s  t o  c e r t a i n  systems o f  p a r t i a l  d i f f e r e n t i a l  equat ions,  

some c o n s e r v a t i o n  laws must be s a t i s f i e d  a c c u r a t e l y .  The n o n l i n e a r  n a t u r e  o f  

t h e  equat ions o f  mot ion  p e r m i t s  s o l u t i o n s  w i t h  d i s c o n t i n u i t i e s  such as shock 

and s l i p  sur faces.  I n  o r d e r  t h a t  such d i s c o n t i n u i t i e s  assume t h e  r i g h t  

s t r e n g t h  and p h y s i c a l  l o c a t i o n ,  i t  i s  i m p e r a t i v e  t h a t  t h e  scheme used f o r  t h e  

c a l c u l a t i o n  b e  c o n s e r v a t i v e  [92]. I n  a m u l t i p l e  g r i d  c a l c u l a t i o n ,  i t  i s  

i m p o r t a n t  t h a t  t h e  i n t e r f o r c e s  a r e  a l s o  t r e a t e d  i n  a c o n s e r v a t i v e  manner so 

t h a t  t h e  d i s c o n t i n u i t i e s  can move f r e e l y  across t h e  i n t e r f a c e s  [93]. The need 

f o r  c o n s e r v a t i v e  g r i d  i n t e r f a c e s  i s  a l s o  i l l u s t r a t e d  i n  r e f .  [83]. 

The q u e s t i o n  of conserva t ion  when s w i t c h i n g  between two d i f f e r e n t  g r i d s  o r  

numer ica l  schemes has been considered b y  severa l  authors.  Warming and Beam 

[941 have d e r i v e d  t r a n s i t i o n  opera tors  f o r  s w i t c h i n g  c o n s e r v a t i v e l y  between 

MacCormack's method and a second o r d e r  upwind scheme. Hessenius and P u l l i a m  

C951 have a p p l i e d  t h i s  t r a n s i t i o n  o p e r a t o r  approach t o  d e r i v e  t h e  s o - c a l l e d  

zonal  i n t e r f a c e  c o n d i t i o n s ;  t h i s  however, r e s u l t e d  i n  a s i g n i f i c a n t  l o s s  o f  

accuracy a t  t h e  zonal i n t e r f a c e s .  Rai [96] has developed c o n s e r v a t i v e  zonal 
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i n t e r f a c e  c o n d i t i o n s  f o r  zonal g r i d s  which share a common g r i d  l i n e ,  and has 

prov ided accura te  c a l c u l a t i o n s  demonstrat ing t h e  shock c a p t u r i n g  a b i l i t y  o f  t h e  

zonal g r i d s  wi th a d i s c o n t i n u i t y  c ross ing  zones. Combier e t  a l .  [97] have 

analyzed t h e  zonal-boundary problem f o r  a system o f  h y p e r b o l i c  equat ions and 

used t h e  c o m p a t i b i l i t y  equat ions t o  develop a zonal-boundary scheme. 

Reasonably good r e s u l t s  were ob ta ined f o r  t r a n s o n i c  channel f l ow .  However, t h e  

use o f  t h e  c o m p a t i b i l i t y  equat ions r e s u l t s  i n  a scheme t h a t  i s  no t  conse rva t i ve  

and, hence, u n s u i t a b l e  f o r  problems i n  which f l o w  d i s c o n t i n u i t y  move f rom one 

g r i d  t o  another.  Rai e t  a l ,  [98] have presented r e s u l t s  ob ta ined m e t r i c  

d iscont inuous  g r i d s ;  t h e  i n t e g r a t i o n  scheme used i s  t h e  Osher upwind scheme. 

Reference [82] p rov ides  t h e  r e s u l t s  ob ta ined on ove r lapp ing  g r i d s  i n  conjunc-  

t i o n  w i t h  t h e  stream f u n c t i o n  approach. 

I n  patched g r i d  approach, conserva t ion  can be  e a s i l y  ma in ta ined a t  t h e  

pa tch  i n t e r f a c e s .  The e x t r a  computing t ime t h a t  i s  r e q u i r e d  t o  implement t h e  

zonal boundary c o n d i t i o n  i s  l e s s  than what i s  r e q u i r e d  f o r  ove r lapp ing  g r i d s .  

Th is  i s  because t h e  necessary i n t e r p o l a t i o n s ,  t h a t  e f f e c t  t r a n s f e r  between 

zones, a re  performed i n  a reduced number o f  s p a t i a l  dimensions f o r  patched 

g r i d s .  A problem i n  t h r e e  dimensions o n l y  r e q u i r e s  a two-dimensional  

i n t e r p o l a t i o n  procedure. Th is  r e d u c t i o n  i n  t h e  number o f  dimensions i n  which 

t h e  i n t e r p o l a t i o n  i s  performed does no t  occur  f o r  ove r lapp ing  g r i d s .  On t h e  

o t h e r  hand, ove r lapp ing  g r i d s  p rov ide  more f l e x i b i l i t y  i n  genera t ing  g r i d s  

because t h e r e  are fewer c o n s t r a i n t s  on t h e  cho ice  o f  o u t e r  boundar ies f o r  t h e  

d i f f e r e n t  zones. Other disadvantages o f  g r i d  embedding approach, bes ide  t h a t  

of i n t e r p o l a t i o n ,  are:  i) i t  i s  d i f f i c u l t  t o  m a i n t a i n  g loba l  conse rva t i on  i i )  

t h e  accuracy and convergence speed o f  t h e  c a l c u l a t i o n  seems t o  depend on t h e  

degree of ove r lapp ing  o f  t h e  zones and t h e  r e l a t i v e  s i z e  of each zone, t h u s  

i n t r o d u c i n g  a c e r t a i n  amount of undes i rab le  empi r i c ism i n  t h e  fo rmu la t i on .  
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This  s tudy  f o l l o w s  t h e  g r i d  p a t c h i n g  approach i n  which t h e  i n t e r f a c e s  between 

subdomain g r i d s  i n  t h r e e  dimensions a r e  patched as p lane i n t e r f a c e s .  It can b e  

shown t h a t  g l o b a l  c o n s e r v a t i o n  can be e a s i l y  ma in ta ined f o r  t h i s  t y p e  o f  

i n t e r f a c e .  The s tudy f o l l o w s  t h e  method f o r  t r a n s f e r r i n g  a conserved q u a n t i t y  

f rom one genera l i zed  mesh t o  another  which was f i r s t  descr ibed b y  Dukowicz 

[99]. Ramshaw [ Z O O ]  has suggested a procedure i n  do ing  so which i s  s i m i l a r  t o  

t h e  method o f  Dukowicz, b u t  i s  s i m p l e r  and more d i r e c t .  A computer program 

f o l l o w i n g  t h e  Ramshaw's procedure has been w r i t t e n  and t e s t e d  w i t h  v a r i o u s  

types  o f  g r i d s  and v a r i a b l e s .  The program has been work ing w e l l  f o r  s imp le  

t e s t  cases. The o b j e c t i v e  o f  t h i s  s tudy i s  t o  e s t a b l i s h  whether o r  n o t  t h i s  

techn ique i s  f e a s i b l e  f o r  a p p l i c a t i o n s  t o  r e a l i s t i c  aerodynamic c o n f i g u r a t i o n s .  

The g r i d  genera t ion  o f  m u l t i p l e  g r i d  does n o t  i n  p r i n c i p l e  d i f f e r  f rom t h e  

genera t ion  of s i n g l e  g r i d .  The complete g r i d  i s  computed b y  f i r s t  d i v i d i n g  t h e  

e n t i r e  domain i n t o  severa l  subdomain g r i d s  and then " f i l l i n g  i n "  one subdomain 

g r i d  a f t e r  t h e  o t h e r  b y  t r a n s f i n i t e  i n t e r p o l a t i o n .  Er iksson [lo13 and Erk isson 

e t  a l .  [lo21 have ob ta ined good s o l u t i o n s  f o r  t h e  i n v i s c i d  f l o w  around an 

a i  r p l  ane b y  a p p l y i  ng t h i s  concept. There, s l  ope c o n t i n u i t y  ( C1 c o n t i n u i t y )  

between subdomain g r i d s  i s  ob ta ined by us ing  o s c u l a t o r y  i n t e r p o l a t i o n ,  i .e. , b y  

u s i n g  d e r i v a t i v e  i n f o r m a t i o n  as w e l l  as g r i d  p o i n t  l o c a t i o n s  in the 

i n t e r p o l a t i o n .  The approach used i n  t h i s  s tudy i s  d i f f e r e n t  f rom t h a t  i n  Refs. 

101 and 102. Al though t h e  s u r f a c e  must b e  common between two subdomain g r i d s ,  

t h e r e  i s  no r e s t r i c t i o n  on g r i d  s lope o r  d e n s i t y  across i n t e r f a c e s .  T h i s  

o f f e r s  a g r e a t  f l e x i b i l i t y  t o  t h e  genera t ion  o f  each subdomain g r i d .  D e t a i l  on 

t h e  t r e a t m e n t  o f  t h e  c o n d i t i o n s  a t  t h e  i n t e r f a c e  i s  g iven  i n  sec, 3.3. 
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2.5 B r i e f  D iscuss ion  on Conservat ive Rezoning A l g o r i t h m  

A method f o r  t r a n s f e r r i n g  a conserved q u a n t i t y  f rom one g e n e r a l i z e d  mesh 

t o  another,  when t h e  v o l u m e t r i c  d e n s i t y  o f  t h e  q u a n t i t y  i s  assumed t o  b e  

u n i f o r m  w i t h i n  each g r i d  c e l l  o f  t h e  o r i g i n a l  mesh, i s  descr ibed b r i e f l y  

below. T h i s  method was f i r s t  descr ibed i n  Ref. [99]. Reference [loo] 

suggested t h e  procedure i n  do ing so, which i s  s i m i l a r  i n  s p i r i t  b u t  s i m p l e r  and 

more d i r e c t .  A computer program f o l l o w i n g  t h i s  procedure has been w r i t t e n  and 

i s  work ing w e l l  f o r  example g r i d s  and a wide v a r i e t y  o f  cho ice  o f  v a r i a b l e s .  

By f a r  t h e  most common t y p e  o f  g e n e r a l i z e d  mesh i s  t h e  a r b i t r a r y  

q u a d r i l a t e r a l  mesh, which i s  convenient  t o  work w i t h  because i t  has t h e  same 

s imp le  t o p o l o g i c a l  and l o g i c a l  s t r u c t u r e  as a square o r  r e c t a n g u l a r  mesh. The 

b a s i c  concept o f  t h e  a l g o r i t h m  i s  simple. Consider F ig .  2.12, two g r i d  

sur faces  a r e  o v e r l a p p i n g  each o t h e r  i n  some fash ion .  The conserved q u a n t i t i e s  

Qoij o f  t h e  o r i g i n a l  g r i d  sur face  (Aoij i s  t h e  area o f  each s u r f a c e  mesh) i s  t o  

b e  t r a n s f e r r e d  t o  another  g r i d  s u r f a c e  i n  which Anij i s  t h e  area o f  each 

s u r f a c e  mesh, Qnij i s  denoted as t h e  t r a n s f e r r e d  q u a n t i t y  i n  each o f  these 

l a t e r  s u r f a c e  mesh. Thus, Qnij can b e  computed b y  

Where Anok2 i s  t h e  p o r t i o n  o f  t h e  area Anij which c o n t a i n s  i n  t h e  area 

and t h e  summation i s  up t o  t h e  number o f  t h e  o r i g i n a l  s u r f a c e  meshes A o k t  

con ta ined i n  Anij . And goka = Qoka/Aoke z Volumet r ic  d e n s i t y  of Qoke, i s  

assumed t o  b e  constant .  The t a s k  now, i s  t o  f i n d  h o k 2  and t h e  number o f  

o r i g i n a l  sur face meshes conta ined i n  Anij. The area o f  t h e  polygon i n  2D p lane 

i s  g iven  b y  [103]. 
1 p s s  s s  

A = - c E: (XI Y2 - x2 Y,) p 2 s  s 
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where t h e  summation i s  over  a l l  t h e  s ides  of p, and E! i s  e i t h e r  +1 o r  -1 

accord ing  as p l i e s  t o  t h e  l e f t  o r  r i g h t ,  r e s p e c t i v e l y ,  o f  s i d e  s .  The 

endpoint  coord ina tes  ( x i  y i )  and ( x i  y g )  a r e  considered t o  b e  assoc ia ted  w i t h  
Y I 

t h e  s i d e  s and n o t  w i t h  t h e  p a r t i c u l a r  polygon. The over lapped areas a r e  

polygons p whose s ides  a r e  segments o f  t h e  old-mesh l i n e s  and t h e  new-mesh 

l i n e s .  The number o f  s ides  o f  each type,  and t o t a l  number o f  s ides,  w i l l  be 

d i f f e r e n t  f o r  d i f f e r e n t  over lapped areas. Each s i d e  i s  common t o  two 

over lapped areas, t h e  one on t h e  l e f t  ( L )  and t h e  one on t h e  r i g h t  (R), and 

these over lapped areas may b e  considered t o  b e  assoc ia ted  w i t h  t h e  s ide.  The 

o b j e c t i v e  i s  t o  a p p o r t i o n  a conserved q u a n t i t y  Q, whose v o l u m e t r i c  d e n s i t y  q i s  

cons idered u n i f o r m  w i t h i n  each c e l l  o f  t h e  o l d  mesh, i n t o  t h e  c e l l s  o f  t h e  new 

mesh. It would be i n e f f i c i e n t  and d i f f i c u l t ,  t o  automate i n  a computer, t o  

n a i v e l y  sweep over  t h e  o v e r l a p  areas d i r e c t l y .  Instead,  Ramshaw [loo] suggests 

t o  eva lua te  t h e  same c o n t r i b u t i o n s  b y  sweeping over  t h e  s ides  o r  segments s. 

The s i d e  o r  segment s i s  any s i d e  o r  segment of t h e  polygon (over lapped 

a r e a ) .  The c o o r d i n a t e  o f  t h e  two ehd p o i n t s  o f  s i d e  s a r e  denoted b y  

I f  t h e  s i d e  s i s  a segment o f  t h e  o l d  mesh then t h e  q u a n t i t y  Q i n  t h e  new 

mesh c e l l  c o n t a i n i n g  s i d e  s is t h e r e f o r e  t o  be incremented by an amount 

I f  t h e  s i d e  s i s  a segment o f  t h e  new mesh then t h e  c o n t r i b u t i o n  t o  c e l l  
N 1  s s  s s  
s 2 0  2 on t h e  l e f t  i s  A = - q (xl y2 - x y 1) w h i l e  t h e  c o n t r i b u t i o n  t o  t h e  c e l l  on 

i t s  r i g h t  i s  j u s t  

c e l l  i n  which s i d e  s l i e s .  

- A ~ ,  where q, i s  t h e  v o l u m e t r i c  d e n s i t y  o f  t h e  o l d  mesh 

N Adding A: and hS f o r  each o f  new mesh c e l l  y i e l d s  t h e  q u a n t i t y  Q con ta ined 

i n  each o f  t h e  new-mesh c e l l .  
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2.6 A p p l i c e t i o n  t o  Two and Three Dimensional Hyperbo l i c  Equat ions 

The f i r s t  s tep  toward t h e  a p p l i c a t i o n  of t h e  techn ique t o  t h e  CFD 

c a l c u l a t i o n  i s  t o  app ly  t h e  techn ique t o  s o l v e  some p a r t i a l  d i f f e r e n t i a l  

equat ions.  The h y p e r b o l i c  equat ions have been chosen n o t  o n l y  because o f  t h e i r  

s i m p l i c i t y  b u t  a l s o  because o f  t h e i r  h y p e r b o l i c  n a t u r e  which i s  s i m i l a r  t o  t h e  

equat ions  o f  mot ion  i n  supersonic  f low.  The h y p e r b o l i c  equat ions can b e  

w r i t t e n  as,  

i n  two d imensional  space q t  aqx bqy = 0 (2.6) 

and i n  t h r e e  d imensional  space qt + aqx t bqy t cqz = 0 (2.7) 

where a, b and c have been t r e a t e d  as constances. 

I f  t h e  i n i t i a l  c o n d i t i o n s  a r e  g i v e n  as q = f ( x , y )  and q = f ( x , y , z ) ,  t h e  

exact  s o l u t i o n s  can b e  found as 

and 
q = f ( x - a t ,  y - b t )  

q = f ( x - a t ,  y - b t ,  z - c t )  

f o r  t h e  two and t h r e e  dimensional  space, r e s p e c t i v e l y .  

I n  two dimensional  case, t h e  equat ion  has been so lved on a two d imensional  

g r i d  system which i s  changed i n t o  another g r i d  system a t  some t ime.  The 

procedure descr ibed i n  t h e  prev ious  s e c t i o n  has been used t o  t r a n s f e r  t h e  f l u x  

( i n  t h i s  case q i t s e l f  i s  " f l u x " )  from one g r i d  t o  another.  The t h r e e  

dimensional  equat ion  i s  more s u i t a b l e  as t h e  model equat ion  o f  t h e  equat ions  of  

mot ion.  The domain i s  d i v i d e d  i n t o  two subdomains which a r e  independent f rom 

each o ther .  Again t h e  techn ique descr ibed p r e v i o u s l y  i s  used t o  t r a n s f e r  f l u x  

(wh ich  i s  aq, bq o r  cq  depending upon how t h e  i n t e r f a c e  i s  o r i e n t e d )  across t h e  

i n t e r f a c e .  Resu l ts  have been compared w i t h  t h e  s o l u t i o n s  from s i n g l e  g r i d  

c a l c u l a t i o n s .  S a t i s f a c t o r y  r e s u l t s  have been obtained. D e t a i l s  o f  t h i s  s tudy 

can b e  found i n  Ref. C1041. 
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3. APPLICATION TO THE AERODYNAMIC CONFIGURATIONS 

The u l t i m a t e  equat ions t o  be  so lved i n  CFD are  t h e  v iscous  Navier-Stokes 

equat ions.  However, s i n c e  s o l v i n g  these equat ions on modern day computers i s  

s t i l l  q u i t e  t ime  consuming, t hey  a re  o f t e n  reduced t o  a s imp le r  form. 

S o l u t i o n s  t o  these simp1 e r  equat ions,  namely, stream f u n c t i o n  f o r m u l a t i o n  [lo51 

f u l l  p o t e n t i a l  equat ions [106-1091 and Eu ler  equat ions [110-1151, have been 

obta ined.  The stream f u n c t i o n  f o r m u l a t i o n  r e t a i n s  t h e  g e n e r a l i t y  con ta ined i n  

t h e  f u l l  Eu le r  equat ions.  However, i t  i s  l i m i t e d  t o  two-dimensional  o r  

ax isymmetr ic  f lows,  and made d i f f i c u l t  by t h e  f a c t  t h a t  t h e  d e n s i t y  i n  t h e  

t r a n s o n i c  regime i s  a double-valued f u n c t i o n  o f  t h e  unknown stream f u n c t i o n .  

The f u l l  p o t e n t i a l  equat ion  has been used as a s tandard model and has proved t o  

be  a h e l p f u l  t o o l  i n  t h e  des ign  o f  a i r c r a f t .  As w i t h  t h e  stream f u n c t i o n ,  t h e  

p o t e n t i a l  equat ion  can b e  so lved b y  e f f i c i e n t  r e l a x a t i o n  techniques I and 

r e q u i r e s  s to rage o f  o n l y  a s i n g l e  v a r i a b l e .  Furthermore, i t  permi ts  t h e  

s o l u t i o n  o f  three-d imensional  as we1 1 as two-dimensional  f lows.  The pr imary  

disadvantages are t h e  l i m i t a t i o n  t o  i s e n t r o p i c  and i r r o t a t i o n a l  f lows.  The 

i s e n t r o p i c  assumption i m p l i e s  t h a t  shock waves captured i n  t h e  t r a n s o n i c  regime 

must b e  l i m i t e d  i n  Mach number t o  a va lue  l e s s  than  1.3. The i r r o t a t i o n a l i t y  

c o n d i t i o n s  r e q u i r e s  a un i fo rm incoming f l o w  i n  two-dimensional  s i t u a t i o n s ,  and 

a f ree  v o r t e x  c o n d i t i o n  three-d imensional  f lows.  The p o t e n t i a l  equat ion  w i l l  

admit  t h e  ex i s tence  of d i s c o n t i n u i t i e s  i n  t h e  f l o w  f i e l d .  However, these 

d i s c o n t i n u i t i e s  are i s e n t r o p i c  shocks, which do no t  represent  t r u e  phys i ca l  

shock waves because they  do no t  s a t i s f y  t h e  Rankine-Hugoniot cond i t i ons .  These 

shocks w i l l  be  approx imate ly  o f  t h e  proper  s t r e n g t h  and w i l l  e x i s t  i n  t h e  

proper  p o r t i o n  i n  t h e  f low f i e l d  if t h e  Mach number o f  t h e  f l o w  approaching t h e  

shock i s  l e s s  than  o r  equal t o  1.3. 

I n  t h i s  s tudy,  Eu le r  equat ions a re  used as t h e  model equat ions.  Methods 
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based on t h e  E u l e r  model a r e  u s e f u l  t o o l s  i n  CFD s i n c e  t h e y  o f f e r  more r e a l i s m  

than p o t e n t i a l  methods and y e t  a r e  s imp ler  and more economic than methods based 

on t h e  Navier-Stokes equat ions.  A number o f  e f f i c i e n t  and r e l i a b l e  numer ica l  

schemes have been developed f o r  t h e  E u l e r  equat ions [110-1151. Even though 

v iscous  terms a r e  neg lec ted ,  s o l u t i o n s  t o  E u l e r  equat ions agree w e l l  w i t h  t h e  

exper imenta l  r e s u l t s .  Shock waves captured i n  t h i s  model agree w i t h  t h e  

Rankine-Hugoniot re1 a t i o n s  regard less  o f  t h e i r  s t r e n g t h .  And, more 

i m p o r t a n t l y ,  v o r t e x  sheets and v o r t i c i t y  can a l s o  b e  captured  as weak and 

genuine s o l u t i o n s .  The a p p l i c a t i o n s  o f  numerical  methods t o  s o l v e  t h e  E u l e r  

equat ions range f rom t h e  s tudy o f  f l o w  f i e l d  around m i l i t a r y  a i r c r a f t  and 

m i s s i l e s  where shock waves are  s t rong,  t o  more complex non-uni form shear f l o w s  

pas t  wings. D e t a i l s  o f  t h e  E u l e r  equat ions a r e  g i v e n  i n  s e c t i o n  3.1. 

The E u l e r  s o l u t i o n  procedure i s  based on a c e n t e r  f i n i t e - v o l u m e  scheme 

w i t h  e x p l i c i t  Runge-Kutta t i m e  s tepp ing  C1161. T h i s  t y p e  o f  scheme was f i r s t  

used b y  Jameson e t  a l .  [117], b u t  t h e  present  scheme d i f f e r s  s i g n i f i c a n t l y  f rom 

t h i s  o r i g i n a l  scheme, m a i n l y  i n  t h e  d e f i n i t i o n  o f  t h e  damping terms and t h e  

f a r f i e l d  boundary c o n d i t i o n s .  It has been e x t e n s i v e l y  t e s t e d  i n  b o t h  two and 

t h r e e  space dimensions, f o r  t h r e e  d i f f e r e n t  E u l e r  models ( t h e  f u l l  equat ions,  

t h e  c o n s t a n t - s t a g n a t i o n  en tha lpy  model , and t h e  a r t i f i c i a l  c o m p r e s s i b i l i t y  

model f o r  incompress ib le  f l o w )  and f o r  b o t h  aerodynamics and turbomachinery 

a p p l i c a t i o n  C118-1211. The f i n i t e - v o l u m e  scheme i s  descr ibed i n  s e c t i o n  3.2. 

I n  most ins tances  t h e  s o l u t i o n  t o  t h e  f i r s t  o r d e r  steady s t a t e  equat ions 

i s  d e s i  red. The steady s t a t e  Eul e r  equat ions change c h a r a c t e r  depend1 ng upon 

t h e  l o c a l  Mach number. I n  a t o t a l l y  supersonic  f low some v e r y  e f f i c i e n t  

methods e x i s t  f o r  t h e i r  s o l u t i o n .  The method o f  c h a r a c t e r i s t i c s  and a s imp le  

marching procedure a r e  two common approaches. I n  subsonic domain however no 

g e n e r a l l y  accepted method has y e t  been dev ised f o r  s o l v i n g  t h i s  system. One 
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approach used f o r  subsonic o r  t r a n s o n i c  f l o w s  i s  t o  r e i n t r o d u c e  t h e  t i m e  

d e r i v a t i v e  terms t o  t h e  equat ions.  The r e s u l t a n t  s e t  o f  equat ions i s  

everywhere h y p e r b o l i c .  A steady s t a t e  s o l u t i o n  can b e  ob ta ined b y  marching 

f rom some i n i t i a l  guessed f l o w  f i e l d  through t i m e  u n t i l  an axymptot ic  steady 

s t a t e  i s  achieved. The i n i t i a l  c o n d i t i o n s  g i v e  r i s e  t o  p e r t u r b a t i o n  waves 

which move th rough t h e  f i e l d  as t h e  s o l u t i o n  progresses i n  t ime. The E u l e r  

equat ions have no i n h e r e n t  d i s s i p a t i o n  and, t h e r e f o r e ,  these waves must e i t h e r  

b e  r a d i a t e d  f rom open boundar ies o r  absorbed b y  t h e  a d d i t i o n  o f  a r t i f i c i a l  

damping terms. The second d i f f e r e n c e  and f o u r t h  d i f f e r e n c e  damping terms a r e  

added t o  t h e  E u l e r  equat ion.  The f o u r t h  d i f f e r e n c e  terms a r e  g l o b a l  and l i n e a r  

whereas t h e  pressure-cont ro l  1 ed second-d i f ference terms are  non-1 i n e a r  and a r e  

o n l y  a c t i v a t e d  around shocks. Boundary c o n d i t i o n s  a r e  m a i n l y  o f  f o u r  types:  

s o l  i d  w a l l  c o n d i t i o n s  , i n t e r f a c e  c o n d i t i o n s ,  i n f l o w / o u t f l o w  ( f a r f i e l d )  

c o n d i t i o n s  and c o o r d i n a t e  cu ts .  Sect ions 3.3 and 3.4 d e s c r i b e  t h e  damping 

terms and numerical  implementat ion o f  boundary c o n d i t i o n s ,  r e s p e c t i v e l y ,  i n  

d e t a i  1. 

Genera l l y ,  t o  reach a steady s t a t e  s o l u t i o n  r e q u i r e s  a l a r g e  number o f  

i t e r a t i v e s  and a l o n g  computat ional  t i m e  [122]. S ince o n l y  steady s t a t e  

s o l u t i o n s  a r e  des i red ,  and t r u e  t i m e  accuracy i s  o f  no concern, t h e  concept o f  

l o c a l  t i m e  s tepp ing  i s  used t o  a c c e l e r a t e  t h e  convergence t o  steady s t a t e  

s o l u t i o n .  T h i s  concept i s  i n t r o d u c e d  i n  Sec. 3.6. The e x p l i c i t  th ree-s tage 

Runge-Kutta i n t e g r a t i o n  scheme i s  a l s o  addressed i n  Sec. 3.5. 

3.1 Governing Equat ions 

The E u l e r  equat ions d e s c r i b i n g  three-dimension, unsteady and compress ib le  

f l o w s  i n  conserva t ion  form can e i t h e r  be w r i t t e n  i n  t h e  d i f f e r e n t i a l  form 
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(3.1) 

and 
p = d e n s i t y  

u = x - component o f  v e l o c i t y  

v = y - ,component o f  v e l o c i t y  

w = 

E = t o t a l  energy = i n t e r n a l  energy + k i n e t i c  energy ( i n  t h e  absence of 

P o t e n t i a l  Energy) = 

z - component o f  v e l o c i t y  

2 2 2  pe + 0.5 ( u  + v + w ) 

or i n  t h e  i n t e g r a l  form 

d - 1 Q dxdydz = 9 (n OF + n OG + n OH)  ds = 0 
d t  n n x  Y Z 

where n = a r b i t r a r y  f i n i t e  reg ion  

= x component o f  normal v e c t o r  a t  t h e  boundary o f  t h e  reg ion  

n = y component o f  normal v e c t o r  a t  t h e  boundary o f  t h e  reg ion  

= z component o f  normal v e c t o r  a t  t h e  boundary o f  t h e  reg ion  

nX 

nZ 

Y 

t h e  p e r f e c t  gas equat ion  o f  s t a t e  i s  used t o  d e f i n e  t h e  mean pressure P v i a  t h e  

i n t e r n a l  energy e: 

P = (v-1)  Pe ( 3 . 3 )  
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C 

where y = s p e c i f i c  heat  r a t i o  = 9 
cV  

An assumption has been made, i n  w r i t i n g  Eqs. (3.1) and (3.2),  t h a t  t h e  f l u i d  

has undergone no e x t e r n a l  fo rces .  It can b e  shown t h a t  t h e  system o f  

conserva t ion  laws g iven b y  Eqs. (3.1) o r  (3.2) i s  h y p e r b o l i c  [17]. Thus, Eqs. 

(3.1) o r  (3.2) can b e  i n t e g r a t e d  i n  t i m e  i n  o r d e r  t o  achieve a steady s t a t e  

s o l u t i o n  ( i f  such a s o l u t i o n  e x i s t s ) .  Equat ion (3.1) can b e  ob ta ined b y  

d i v i d i n g  Eq.  (3.2) b y  n and then s h r i n k i n g  Q t o  a p o i n t .  T h i s  leads  t o  t h e  

system o f  t h e  d i f f e r e n t i a l  conserva t ion  laws v a l i d  a t  t h a t  p o i n t  i f  t h e  p a r t i a l  

d e r i v a t i v e s  a r e  cont inuous there .  The i n t e g r a l  approach may b e  impor tan t  f o r  

t h e  c o r r e c t  c a p t u r i n g  o f  d i s c o n t i n u i t i e s  i n  t h e  f l o w  s i n c e  i t  f o r m a l l y  does n o t  

exc lude d i s c o n t i n u i t i e s  f rom t h e  i n t e r i o r  of n. T h i s  s tudy f o l l o w s  t h e  

i n t e g r a l  approach i n  which t h e  d i f f e r e n c e  equat ion  a r e  w r i t t e n  d i r e c t l y  f rom 

t h e  i n t e g r a l  system. Therefore,  t h e  method i s  a c e l l  concept r a t h e r  than a 

g r i d - p o i n t  concept.  The d i s c u s s i o n  on t h e  method i s  g iven  i n  Sec. 3.2. 

The n o n l i n e a r  c h a r a c t e r  o f  t h e  E u l e r  s o l u t i o n s  g e n e r a l l y  p e r m i t s  s o l u t i o n s  

w i t h  d i s c o n t i n u i t i e s  (shocks) where t h e  d i f f e r e n t i a l  E q .  (3.1) i s  no l o n g e r  

v a l i d .  The equiva lence between Eqs. (3.1) and (3.2) i s  r e s t o r e d  b y  a l l o w i n g  

weak s o l u t i o n s  t o  Eq. (3.1). However, b o t h  equat ions can g i v e  r i s e  t o  

nonphysica l  shocks unless an en t ropy  c o n d i t i o n  i s  added. A I Ismal l"  amount o f  

a r t i f i c i a l  v i s c o s i t y  i s  added t o  t h e  i n v i s c i d  model f o r  t h i s  purpose [96]. 

T h i s  a r t i f i c i a l  v i s c o s i t y  should a l s o  mimic t h e  p h y s i c a l  v i s c o s i t y  and c r e a t e  a 

p r imary  v o r t e x  f o r  f l o w  p a s t  a h i g h l y  swept wing a t  ang le  o f  a t t a c k .  Al though 

secondary v o r t i c e s  brought  about b y  v iscous  e f f e c t ,  on t h e  leeward s i d e  o f  t h e  

wing a r e  n o t  modeled, t h e i r  e f f e c t s  on t h e  p r i m a r y  v o r t i c e s  a r e  smal l  [123]. 

The E u l e r  equat ions admi t  s o l u t i o n s  w i t h  d i s t r i b u t e d  v o r t i c i t y  b u t  do n o t  i n  

p r i n c i p l e  c o n t a i n  any mechanism f o r  genera t ing  v o r t i c i t y .  Any v o r t i c i t y  i n  t h e  

s o l u t i o n  must b e  i n t r o d u c e d  e i t h e r  b y  boundary c o n d i t i o n s  o r  b y  shocks. Due t o  
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t h e  e x t r a  en t ropy  c o n d i t i o n  shocks w i l l  l e a d  t o  an i n c r e a s e  o f  en t ropy  and 

t h e r e f o r e  a1 so generate v o r t i c i t y  (Croccol  s theorm) [124]. I f  t h e  boundary 

c o n d i t i o n s  a t  t h e  i n f l o w  boundary a re  such t h a t  v o r t i c i t y  i s  i m p l i e d ,  t h i s  

v o r t i c i t y  w i l l  n a t u r a l l y  b e  convected i n t o  t h e  domain and e v e n t u a l l y  be 

convected o u t  a t  t h e  o u t f l o w  boundary. Furthermore, a s o l i d  boundary w i t h  

sharp edge can a l s o  generate v o r t i c i t y  s i n c e  a t tached f l o w  around such an edge 

g i v e s  r i s e  t o  shocks and t h u s  a l s o  v o r t i c i t y .  I n  p r i n c i p l e ,  t h i s  mechanism 

would a c t  as an "automat ic"  K u t t a  c o n d i t i o n  [125] f o r  t h e  f l o w  around an 

a i r f o i l  w i t h  a sharp t r a i l i n g  edge. However, some numerical  evidence p r e v a i l s  

t h a t  t h e  combinat ion o f  numerical  e r r o r s  and a r t i f i c i a l  v i s c o s i t y  w i l l  then  

produce v o r t i c i t y  and t h u s  f o r c e  t h e  f l o w  t o  separate a t  t h e  edge. S e c t i o n  3.3 

discusses t h e  a r t i f i c i a l  v i s c o s i t y  model i n  more d e t a i l .  

For a f i n i t e  domain i t  i s  necessary t o  c o n s t r u c t  s u i t a b l e  boundary 

c o n d i t i o n s  such t h a t  t h e  d e s i r e d  steady s t a t e  s o l u t i o n  i s  obta ined.  The t h e o r y  

o f  absorb ing c o n d i t i o n s  E1261 i s  used i n  i t s  s i m p l e s t  fo rmula t ion .  By 

l i n e a r i z i n g  t h e  equat ions  l o c a l l y  a long t h e  boundary and computing t h e  

c h a r a c t e r i s t i c  v a r i a b l e s  a long s u r f a c e  normals, i t  i s  p o s s i b l e  t o  g i v e  t h e  

p h y s i c a l l y  c o r r e c t  boundary i n f o r m a t i o n  w h i l e  m a i n t a i n i n g  good a b s o r p t i o n  o f  

t h e  t r a n s i e n t  e r r o r  waves. The l a t t e r  p r o p e r t y  i s  e s p e c i a l l y  impor tan t  f o r  

channel f l o w s  where s t a t i o n a r y  c o n d i t i o n s  a r e  u s u a l l y  more d i f f i c u l t  t o  o b t a i n  

t h a n  f o r  e x t e r n a l  f lows.  A more d e t a i l e d  d e s c r i p t i o n  o f  these absorb ing 

boundary c o n d i t i o n s  as w e l l  as o t h e r  boundary c o n d i t i o n s  i s  g i v e n  i n  Sec. 3.4. 

3.2 S p a t i a l  F i n i t e - V o l  ume D i s c r e t i z a t i o n  

Development of a method t o  s o l v e  t h e  3D E u l e r  equat ions has been 

made (37,116,127-1291, It i s  a t ime-dependent f i n i t e - v o l u m e  approach t h a t  uses 

m u l t i s t a g e  e x p l i c i t  t i m e  i n t e g r a t i o n  schemes t o g e t h e r  w i t h  centered  space 
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d i f f e r e n c e s .  S i g n i f i c a n t  f e a t u r e s  o f  t h i s  approach are  i n t e g r a l  c o n s e r v a t i o n  

form, i m p o r t a n t  f o r  t h e  c o r r e c t  c a p t u r i n g  o f  shock waves and v o r t e x  sheets,  i t s  

a m e n a b i l i t y  t o  v e r y  general  geometry w i t h o u t  t h e  need f o r  o r  g l o b a l  c o o r d i n a t e  

t r a n s f o r m a t i o n ,  and i t s  t o l e r a t i o n  o f  g r i d  s i n g u l a r i t i e s  because t h e  f l o w  

equat ions a r e  balanced o n l y  w i t h i n  t h e  c e l l s  o f  t h e  g r i d  [130], and n o t  a t  t h e  

nodal p o i n t .  It has been found t h a t  t h e  t ime-dependent E u l e r  equat ions p e r m i t  

s o l u t i o n s  i n  which t h e  f l o w s  separate f rom t h e  l e a d i n g  edge o f  a sharp d e l t a  

wing a t  angle o f  a t t a c k ,  w i t h o u t  t h e  implementat ion o f  a K u t t a  c o n d i t i o n  

[125]. I n  c o n t r a s t ,  separated f l o w s  a r e  ob ta ined by space marching methods 

o n l y  i f  a K u t t a  c o n d i t i o n  i s  enforced. 

The s i m p l e s t  way t o  d e r i v e  t h e  centered f i n i t e  volume s p a t i a l  

d i s c r e t i z a t i o n  i s  t o  app ly  t h e  i n t e g r a l  f o r m u l a t i o n ,  Eq. 3.2, o f  t h e  E u l e r  

equat ions t o  each mesh a l l  o f  a g i v e n  g r i d  (see F ig.  3.1), i.e. 

= volume element ( i y j y k )  where ' i , j :k  

By t h e  mean-value theorem, Eq. (3.4) becomes 
-L 

N 

(3.5) VOL - i , j , k  + 6 F + 6  t + 6  = o  dQ 
i , j , k  d t  I i , j y k  J i $ j y k  K i , j , k  

N N N 

(3.6) 

= H  - H. 
6 K H i  : j k i j k+ l/2 1 , j : k-  l/2 



36 

and 

N + + 
= SIX .F + SIY .G 

+ SIZ .H 

i , j+1/2 ,k i , j+1/2 ,k i , j t 1 / 2  ,k i , j+1/2 ,k 

i , j+1/2 ,k i , j+1/2 ,k 

G 
i ,j+1/2 ,k 

+ 

N + + 
= SIX .F + SIY *G 

+ SIZ .H 

G i ,j- 1/2 ,k i , j -1 /2  ¶ k  i , j - l / z  ,k i , j - 1 / 2  ,k i , j - l / z  ,k 

i ,j- 1/2 ,k i ,j- l/2 ¶ k  

+ 

.e N + 
H = SIX .F + SIY 
i , j lk+ l /2  i , j k+ 1/2 i , j , k+ 1/2 i , j , k+ 1/2 i , j , k+ 1/2 

+ + SIZ *H 
i , j , k t  1/2 i , j k+ 1/2 

N + + 
H = SIX .F + SIY *G 
i , j , k- 1/2 i , j , k- i , j , k- 1/2 i , j k- l/2 i j , k- 

+ + SIZ .H 
i ,j ,k- l/2 i ,j ,k- l/2 

S ince 6 i s  l o c a t e d  i n  t h e  c e n t e r  o f  t h e  c e l l  b u t  t h e  f l u x  f u n c t i o n ,  

i .e. [ f (d)]  1/2 ,j,k , must b e  expressed a t  i t s  sur face,  some form o f  l o c a l  

i n t e r p o l a t i o n  o f  t h e  ne ighbor ing  d i s c r e t e  va lues  Q must b e  devised. The 

i ,j ,k 

+ 

s i m p l e s t ,  and perhaps most n a t u r a l ,  f u n c t i o n  i s  
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(3.8a) 

Expressions s i m i l a r  t o  eq. (3.8a) a r e  ob ta ined f o r  and 6. The average 

o p e r a t o r ,  p, i s  d e f i n e d  as 

(3.9) 

An a l t e r n a t i v e  i s  t o  compute t h e  f l u x  f u c t i o n  s e p a r a t e l y  f o r  each o f  t h e  two 

n e i g h b o r i n g  dependent v a r i a b l e s  and then average t h e  two r e s u l t s ,  i .e.  

(3.8b) 

S i m i l a r  express ions a r e  ob ta ined f o r  

I f  t h e  f l u x  f u n c t i o n  were l i n e a r ,  a l t e r n a t i v e s  (3.8a) and (3.8b) would be 

e q u i v a l e n t .  For non-1 i n e a r  f l u x ,  o n l y  scheme (3.8b) prov ides  t h e  c o r r e c t  jump 

i n  Q across t h e  shock. Thus, in t h i s  study, each term i n  Eq. (3.7) i s  de f ined 

as 

and H'. 

-b 
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S i m i l a r  express ions a r e  ob ta ined f o r  E and i. 
expressed as 

F i n a l l y ,  t h e  o t h e r  terms a r e  
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From these formulas i t  i s  c l e a r  t h a t  t h e  o n l y  q u a n t i t i e s  needed from t h e  

coo rd ina te  t r a n s f o r m a t i o n  are  t h e  x,y,z - coord ina tes  o f  t h e  g r i d  p o i n t s .  

Equat ion (3.5) t o g e t h e r  w i t h  (3.8b) leads  t o  a s p a t i a l - d i f f e r e n c e  opera to r  

comple te ly  centered  i n  a1 1 t h r e e  coo rd ina te  d i r e c t i o n s ,  which i s  second-order- 

accura te  i n  space i f  t h e  v a r i a t i o n  i n  g r i d  s i z e  i s  reasonably  smooth. 

The f i n i t e - v o l u m e  d i s c r e t i z a t i o n  bears  some s i m i l a r i t y  t o  b o t h  t h e  

convent iona l  f i n i t e - d i f f e r e n c e  and f i n i t e  element d i s c r e t i z a t i o n s .  I t s  

f o rmu la t i on ,  l i k e  t h e  f i n i t e - e l e m e n t  procedure, beg ins  w i t h  t h e  i n t e g r a l  

equat ion.  I t s  d i f f e r e n c e  s t e n c i l  i s  t h a t  o f  a f i n i t e - d i f f e r e n c e  scheme, b u t  i t  

d i f f e r s  i n  t h a t  ce l l -averaged i n s t e a d  o f  p o i n t  q u a n t i t i e s  a re  d i f f e r e n c e d ,  and 

t h i s  g i ves  a s i g n i f i c a n t  d i s t i n c t i o n  near a g r i d  s i n g u l a r i t y .  I n  t h e  f i n i t e -  

volume fo rmu la t i on ,  t h e  f l u x  q u a n t i t i e s  can b e  de f i ned  and remain f i n i t e  even 

i n  t h e  presence o f  t h e  g r i d  s i n g u l a r i t y ,  s ince  Eq. (3.5) i s  ba lanced i n  t h e  

i n t e r i o r  o f  t h e  c e l l  where no coord ina tes  are  used. The usual  g r i d - p o i n t  

methods may no t  y i e l d  t h i s  f e a t u r e  w i thou t  spec ia l  programming cons ide ra t i on .  
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Er iksson [130] has concluded t h a t  w i t h o u t  any m o d i f i c a t i o n  t h e  f i n i t e - v o l u m e  

techn ique remains s t a b l e  i n  t h e  presence of a g r i d  s i n g u l a r i t y ,  b u t  i t s  

accuracy decreases t o  somewhere between f i r s t  and second o r d e r  i n  space. 

Without a l t e r a t i o n  t h e  f i n i t e - d i f f e r e n c e  scheme i s  u n s t a b l e  even i f  t h e  

s i n g u l a r i t i e s  i s  s t r a d d l e d .  However, i f  a l i m i t i n g  form o f  t h e  d i f f e r e n c e  

scheme i s  d e r i v e d  a t  t h e  s i n g u l a r i t y  p o i n t  and implemented i n  t h e  computer 

code, s t a b i l i t y  o f  t h e  f i n i t e  d i f f e r e n c e  scheme can b e  r e s t o r e d .  The impor tan t  

aspect o f  t h e  f i n i t e - v o l u m e  approach i s  t h a t  i t  s u i t s  w e l l  w i t h  t h e  

c o n s e r v a t i v e  rezon ing  approach used i n  t h i s  study. T h i s  i s  t r u e  because f l u x e s  

a r e  ob ta ined as t h e  average va lues  a t  t h e  c e n t e r  o f  t h e  c e l l  faces,  i.e., no 

i n t e r p o l a t i o n  from g r i d  p o i n t s  i s  needed. So, t h e  o r d e r  o f  t h e  i n t e r p o l a t i o n  

scheme does n o t  p l a y  a r o l e  i n  t h e  i n t e r f a c e  t rea tment .  

3.3 A r t i f i c i a l - V i s c o s i t y  Model 

The c e n t r a l  d i f f e r e n c e  schemes t o  s o l v e  t h e  E u l e r  equat ions a r e  i n h e r e n t l y  

d i s p e r s i v e  and n o t  d i s s i p a t i v e .  Even f o r  l i n e a r  problems, c e n t r a l - d i f f e r e n c e  

schemes admi t  as a s o l u t i o n  so-ca l led  sawtooth waves. The n o n - l i n e a r  n a t u r e  of 

t h e  E u l e r  equat ions g ives  r i s e  t o  an a l i a s i n g  phenomenon whereby these s h o r t  

waves i n t e r a c t  w i t h  each o t h e r ,  vanish,  and reappear as d i s t o r t e d  l o n g  waves. 

I n  n o n l i n e a r  t r a n s p o r t  t h e r e  i s  a mechanism b y  which energy m i g r a t e s  f rom l o n g  

wavelength mot ion  t o  p r o g r e s s i v e l y  s h o r t e r  and s h o r t e r  sca les  u n t i l  i t  i s  

removed from t h e  f l o w  b y  molecu la r  v i s c o s i t y .  The E u l e r  equat ions possess no 

such v i s c o s i t y  so, i n  t h e  d i s c r e t e  r e p r e s e n t a t i o n ,  t h i s  energy would m i g r a t e  t o  

t h e  s m a l l e s t  s c a l e  r e s o l v a b l e  on t h e  g r i d  and then r e t u r n s  t o  l a r g e - s c a l e  

mot ion  v i a  a l i a s i n g ,  which i s  non-physical  and would make a steady s t a t e  

u n a t t a i n a b l e  [131]. I n  genera l ,  these d e f e c t s  c o u l d  b e  d e a l t  b y  d i g i t a l  

f i l t e r i n g  techniques.  However, f u r t h e r  d e f i c i e n c i e s  a r i s e .  The n o n l i n e a r  

conserva t ion  equat ions admit  non-unique weak s o l u t i o n s  when shocks are  t o  b e  
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captured. An en t ropy  c o n d i t i o n  has t o  b e  s u p p l i e d  i n  o r d e r  t o  o b t a i n  t h e  phys 

c a l l y  c o r r e c t  weak s o l u t i o n  [132]. A standard way t o  invoke an en t ropy  

c o n d i t i o n  i s  t o  model t h e  t r u e  p h y s i c a l  process i n s i d e  a shock b y  t h e  a d d i t i o n  

o f  a smal l  d i s s i p a t i o n  te rm t o  t h e  convec t ive  d i f f e r e n c e s .  T h i s  s o - c a l l e d  

a r t i f i c i a l  v i s c o s i t y  mimics t h e  r e a l  p h y s i c a l  v i s c o s i t y  n o t  o n l y  b y  i n v o l v i n g  

an en t ropy  c o n d i t i o n  b u t  a l s o  b y  removing t h e  short-wave mot ion ou t  o f  t h e  

f l o w .  

A number o f  l i t e r a t u r e s  has been developed on c o n s t r u c t i o n  o f  such 

a r t i f i c i a l  v i s c o s i t y  models, b u t  t h e y  vary i n  d e t a i l  from method t o  method. 

The c o n s t r u c t i o n  o f  t h e  models i s  a r b i t r a r y  except f o r  c l a s s i f i c a t i o n  accord ing  

t o  i t s  o r d e r  o f  magnitude i n  terms o f  g r i d  spacing. I n  t h i s  study, t h e  

d i s s i p a t i o n  i s  i n t r o d u c e d  a t  t h e  same t i m e  as t h e  t r a n s p o r t  process. I t s  

magnitude l i e s  i n  o r  be low t h e  range o f  t h e  t r u n c t i o n  e r r o r  o f  t h e  d i s c r e t e  

approx imat ion.  The t o t a l  d i f f e r e n c e  opera tor  f(Qf t h e r e f o r e  c o n s i s t s  o f :  ( 1 )  

t h e  c o n v e c t i v e  p a r t  f (6) t h a t  r e s u l t s  f rom d i s c r e t i z i n g  t h e  E u l e r  equat ions  

i n  space b y  t h e  centered f i n i t e - v o l u m e  scheme, and ( i i )  t h e  d i s s i p a t i v e  p a r t  

r,(b) . Thus, equat ion  (3.5), can b e  w r i t t e n  as 

C 

. .  
d +  
- Q  = ; ( d  ) + ; ( a '  )=i(; ) 
d t  i j k  C i j k  D i j k  i j k  

(3.10) 

The t o t a l  d i s c r e t e  d i s s i p a t i v e  o p e r a t o r  FD(Qi  j k )  i n c l u d e s  i t s  own 

a r t i f i c i a l  boundary c o n d i t i o n s ,  and comprises b o t h  l i n e a r  and n o n l i n e a r  terms 

a c c o r d i n g  t o  FD(bijk) = f ( C  The 

n o n l i n e a r  express ion  f(Cijk) i s  designed t o  p r o v i d e  d i s s i p a t i o n  a t  

d i s c o n t i n u i t i e s ,  whereas t h e  l i n e a r  one i s  fo rmula ted  t o  suppress spur ious  

) + Obi jk,  where D i s  a cons tan t  m a t r i x .  
i j k  

s o l u t i o n s  (sawtooth waves) and t o  c o n t r o l  t h e  m i g r a t i o n  of energy f rom l a r g e  t o  

s u b g r i d  sca les.  
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3.3.1 Non l inear  A r t i f i c i a l  V i s c o s i t y  

The n o n l i n e a r  a r t i f i c i a l  v i s c o s i t y  i n  t h e  i n t e r i o r  o f  t h e  domain i s  

expressed b y  

where x i s  a cons tan t  and S ~ ? S J  and S k  a r e  c o e f f i c i e n t s  t h a t  depend on t h e  

s o l u t i o n  f i e l d  th rough t h e  pressure accord ing t o  

2 2  2 where 6J and 6k a r e  c e n t r a l  d i f f e r e n c e  opera tors ,  

- - - 2$i , j ,k  + $ i - l , j , k  6 1 % j k  % + l , j , k  
2 

- - - ‘%,j,k + % , j - l , k  &J $ i j k  $i ,j+ l ,k  
2 

I 
I 
II 
I 

and LPijk = Log ( P ~ , ~ , ~ ) .  

These c o e f f i c i e n t s  a r e  normal ized b y  t h e i r  maximum v a l u e  so t h a t  t h e i r  

magnitudes l i e  between 0 and 1. T h e i r  purpose i s  t o  sense non-smooth f l o w  and 

i n c r e a s e  t h e  f i l t e r i n g  o f  l a r g e  g r a d i e n t s  so t h a t  i n  e f f e c t  an en t ropy  

c o n d i t i o n  i s  enforced.  

s e t  t o  zero. 

A t  t h e  boundar ies,  t h e  c o e f f i c i e n t s  sI, sJ and S k  a r e  

3.3.2 L i n e a r  A r t i f i c i a l  V i s c o s i t y  Team 

A t  a l l  i n t e r i o r  c e l l s ,  t h e  f o u r t h - d i f f e r e n c e  o p e r a t o r  i s  used and t h e  

l i n e a r  a r t i f i c i a l  v i s c o s i t y  i s  expressed as 
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(3.12) 
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4 - where 6 ] $ i j k  - %-2,j ,k - ‘$ i - l , j ,k  + % , j , k  - 4J l i+ l , j ,k  + *i+Z,j ,k 

+ 66i ,j ,k  - 4$i ,j+ l ,k  + $i ,j+2,k - 4Jli , j -1,k ‘J$i j k  $i ,j-Z,k 
- - 4 

- - - 4$i j ,k-1 + 6*i ,j,k - 4 $ i , j , k + l  + $i , j ,k+Z’  ‘ k$ i j k  $i , j ,k-Z 
4 

and y i s  a constant .  L i n e a r  e x t r a p o l a t i o n  i s  used a t  t h e  boundary c e l l s .  

3.4 Boundary Cond i t ions  

For  t h e  computat ion o f  many f l u i d  dynamic problems more d i f f i c u l t y  i s  

encountered i n  s a t i s f y i n g  t h e  boundary c o n d i t i o n s  t h a n  i n  b a l a n c i n g  t h e  

d i f f e r e n t i a l  equat ions a t  t h e  i n t e r i o r  p o i n t s  o f  t h e  f l o w  f i e l d .  Th is  i s  so 

because on t h e  boundary n o t  a l l  o f  t h e  f l o w  v a r i a b l e s  a r e  s p e c i f i e d  b y  t h e  

boundary c o n d i t i o n s ,  and t h e r e  remain more unknowns than equat ions.  While 

t r a n s f o r m a t i o n  t o  a b o u n d a r y - f i t t e d  coord ina te  system does reduce t o  one t h e  

number o f  u n s p e c i f i e d  boundary v a r i a b l e s  necessary f o r  d i f f e r e n c i n g  t h e  

i n t e r i o r  f i e l d ,  namely t h e  pressure [133], s t i l l  some way i s  needed t o  couple 

these unknown va lues  of pressure t o  those i n  t h e  i n t e r i o r  i n  a manner 

c o n s i s t e n t  w i t h  t h e  boundary c o n d i t i o n s .  Improper t rea tment  o f  t h e  boundary 

c o n d i t i o n s  can l e a d  t o  s e r i o u s  e r r o r s  and perhaps i n s t a b i l i t y .  I n  o r d e r  t o  

t r e a t  t h e  f l o w  e x t e r i o r  t o  a domain an a r t i f i c i a l  o u t e r  boundary must be 

i n t r o d u c e d  t o  produce a bounded domain. Th is  i s  an a r t i f i c i a l  boundary i n  t h e  

sense t h a t  t h e  a c t u a l  f l o w  i n  t h e  p h y s i c a l  domain i s  open, whereas, t h e  

computat ional  space must I f o r  p r a c t i c a l  reasons! be closed. The numer ica l  

c o n d i t i o n s  , t h e r e f o r e ,  should a1 low phenomenon generated i n  t h e  computat ional  
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domain t o  pass th rough t h e  boundary w i t h o u t  undergoing s i g n i f i c a n t  d i s t o r t i o n  

and w i t h o u t  i n f l u e n c i n g  t h e  i n t e r i o r  s o l u t i o n .  Thus, t h e  maximum amount o f  

t r a n s i e n t  energy can escape f rom t h e  f i e l d  so t h a t  t h e  t ime-dependent s o l u t i o n  

converges t o  t h e  steady s t a t e .  Engquist  and Majda [124] have presented a 

mathematical  t h e o r y  f o r  t h e  p r a c t i c a l  a p p l i c a t i o n  o f  l o c a l  absorb ing boundary 

c o n d i t i o n s  a t  a r t i f i c i a l  boundar ies.  T h e i r  ' F i r s t  Approx imat ion '  i s  adapted t o  

t h i s  study. 

Four d i s t i n c t  types  o f  boundary c o n d i t i o n s :  c o n d i t i o n s  a t  s o l i d  w a l l s ,  

p e r i o d i c  c o n d i t i o n s  across c o o r d i n a t e  c u t s ,  f l o w  i n t o  o r  o u t  o f  t h e  a r t i f i c i a l  

boundary,  and c o n d i t i o n s  a t  t h e  i n t e r f a c e s ,  a r e  d iscussed below. 

3.4.1 S o l i d  Wal ls 

A t  a s o l i d  w a l l  t h e  mass f l u x  i s  zero b u t  t h e  s u r f a c e  pressure  c o n t r i b u t e s  

t o  t h e  momentum f l u x ,  Eq. ( 3 . 4 ) ,  t h u s  i s  s i m p l i f i e d  t o  

Sd s (3.13) 
A +  A +  A +  

'sol i d  
w a l l  

(n = F  t n *G + n =H) ds = 
z ' so l id  x Y 

w a l l  

where A s =  ny *P 
* 
nz *P 

0 
Equat ion  (3.13) i s  used t o  d e r i v e  t h e  c o n t r i b u t i o n  f rom those mesh w a l l s  which 

c o n i n c i d e  w i t h  a s o l i d  w a l l .  For example, i f  j denoted f o r  t h e s e  mesh 

c e l l  w a l l s  ( F i g .  3.2) t h e n  Eq. (3.13) i s  approximated by 
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0 
SJ X 

i , l/2 ,kmPi ,  l/2 ,k 

A +  A +  n +  SJ Y 
( n  *F t n m G  t n *H) ds = i , l/2 , k e p i  , l/2 ,k (3.14) 

' s o l i d  x Y Z 

i, l/2 ,kmPi ,  l/2 ,k 
w a l l  SJZ 

0 

i s  approximated by a l i n e a r  e x t r a p o l a t i o n  from t h e  c e n t e r  of t h e  and pi , 1/2 ,k 

i n t e r i o r  c e l l s ,  i .e. 
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Coord inate Cuts 

A t  a c o o r d i n a t e  c u t  t h e  p h y s i c a l  space f o l d s  on t o  i t s e l f  and t h e  

c o n d i t i o n  on t h e  f l o w  a t  t h e  computat ional  boundary i s  p e r i o d i c i t y .  Th is  

boundary, i n  f a c t ,  does n o t  e x i s t  as a p h y s i c a l  boundary. It i s  a boundary 

o n l y  i n  a p r a c t i c a l  programming sense. Thus, i t  does n o t  i n f l u e n c e  t h e  

s o l u t i o n s  i n  t h e  i n t e r i o r .  An example of t h i s  t y p e  of boundary can b e  seen i n  

Fig.  3.3. 

3.4.3 I n f l o w / O u t f l o w  Boundaries 

As mentioned p r e v i o u s l y ,  these boundar ies a r e  a r t i f i c i a l  boundar ies f o r  

p r a c t i c a l  reasons. The t h e o r y  o f  absorbing boundary c o n d i t i o n s  [123] i s  

a p p l i e d  t o  c o n v e r t  t h e  t r a n s i e n t  energy o u t  o f  t h e  f l o w  f i e l d  so t h a t  t h e  

steady s t a t e  s o l u t i o n s  can b e  reached. Th is  i s  done b y  l i n e a r i z i n g  t h e  

govern ing equat ion  l o c a l l y  and computing t h e  c h a r a c t e r i s t i c  v a r i a b l e s  i n  t h e  

normal d i r e c t i o n .  Those c h a r a c t e r i s t i c  v a r i a b l e s  which a r e  advected i n t o  t h e  

domain a r e  then f i x e d  t o  t h e  d e s i r e d  va lues  whereas those which are  advected 

o u t  of t h e  domain a r e  l i n e a r l y  e x t r a p o l a t e d  from t h e  i n t e r i o r  t o  t h e  

boundary. The r e s u l t i n g  complete s e t  o f  c h a r a c t e r i s t i c  v a r i a b l e s  i s  then 

t ransformed back t o  t h e  p r i m i t i v e  v a r i a b l e s  and used t o  compute t h e  d e s i r e d  

f l u x e s .  The concept o f  Engquis t  and Majda 's  ' F i r s t  approx imat ion '  i s  descr ibed 

below. 

A corresponding one-dimensional system of l i n e a r  h y p e r b o l i c  equat ion  can 

be w r i t t e n  i n  t h e  c h a r a c t e r i s t i c  form as 

- + A - = O  ad a 0  
a t  ax 

(3.15) 
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where 6 represents  t h e  c h a r a c t e r i s t i c  v a r i a b l e s  and t h e  Jacobian m a t r i x  A can 

b e  w r i t t e n  as 

0 a 8 E 

a ( l - k ) u  + U BU - kav 
2 2 

aC - UU + kaV EU - kaw 

aW - keu 
2 2 

sc - WU + keV BW - kcv E ( l - k ) w  + U 

+ -  + -  + -  
where a = s * e  ; 8 = s * e  ; € = s e e  z X Y 

2 + +  Y - 1  U = aU + g~ + EW ; V = V * V ,  K = -  
Y 

c i s  t h e  l o c a l  speed o f  sound and i s  t h e  s u r f a c e  area o f  t h e  c e l l  f a c e  

c o i n c i d e  w i t h  t h e  a r t i f i c i a l  boundar ies.  

The e igenvalues A of A can b e  found b y  s o l v i n g  d e t  ( A - A I )  = 0, as 

where 
1 2 2  2 2 2 2 I/* 

a =1/2kU f [T k U + c ( a  +8 +e )I i 

The l e f t  and r i g h t  e igenvalues associated w i t h  these f o u r  e igenvalues make up 

t h e  row and columns of t h e  t r a n s f o r m a t i o n  m a t r i c e s  T-' and T r e s p e c t i v e l y  which 

d i a g o n a l i z e  Eq. (3.15):  

a i  = o  a +  
a t  ax 

- t $ + A -  

where + -1 0 = Tm16 , A = T AT = 0 

A f t e r  t h e  i n t e r m e d i a t e  v a r i a b l e s  

i T = g u + a v  , v " =  - EV + gw y w " =  EU - crw , 

0 
(3.16) 
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have been d e f i n e d  f o r  t h e  sake o f  s i m p l i c i c a t i o n ,  i t  can b e  found t h a t  

R 

UR + ap 
+ k c  0 R - 

ii uR+ + aP+ - 
2 2  

kvU - B(kV + C ) - 
2 2  ii vR+ + BP, V R  + BP- - kuU + a(kV + c ) 

T =  

0 E wR+ - k ( a u  + Bv)a+ wR - k ( a u  + &a. - - 

- (2 + B 2 2  ) c  - (a2 + B 2 2  IC 

and 

2 2  
gv - u 
dl 

N 

-E; + BC EV - aC a i  - &i 
dl dl dl 

2 
R t  kgv -(U+a+)Q+ -kgu + aQ+ - 
d3 d3 d3 

2 
- k p  + aQ- kgv -(U+a )Q- R- - - 

d4 d4 d4 

-kcv + @Q+ 

d3 

The f a c t o r  dlz d 2 ?  d3 and d4 i n  t h e  dominators a r e  n o r m a l i z i n g  c o e f f i c i e n t s  so 

t h a t  T - l  T equals  t h e  u n i t  m a t r i x .  

For  t h e  one-dimensional case i t  i s  w e l l  known t h a t  t h e  number o f  
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c o n d i t i o n s  t o  be  imposed i n  a c e l l  a t  t h e  o u t e r  boundary should equal t h e  

number of c h a r a c t e r i s t i c  d i r e c t i o n s  t h a t  e n t e r  t h e  computat ional  domain. Four 

t y p i c a l  cases a re  shown i n  Fig.  3.4. With subsonic i n f l o w  t h e  imp lementa t ion  

i s  t o  s e t  t h e  t h r e e  i n g o i n g  c h a r a c t e r i s t i c  v a r i a b l e s  + ( l )  , and +(3) t o  

t h e i r  f ree-s t ream values, l i n e a r l y  e x t r a p o l a t e  t h e  f o u r t h  +(4 )  f rom t h e  compu- 

t a t i o n a l  f i e l d ,  and then so l ve  f o r  t h e  o r i g i n a l  unknowns Q = T+ A t  o u t f l o w  

i t  

and 

3.3 

s +(3) t h a t  i s  g i ven  t h e  values o f  und is tu rbed f l o w ,  and 4 ( 1 )  , + ( 2 )  

+(4 )  are  e x t r a p o l a t e d  from t h e  computat ional  f i e l d .  

4 I n t e r f a c e  Cond i t ions  

An i n t e r f a c e ,  here, i s  r e f e r r e d  t o  as a common boundary where two or more 

subdomain g r i d s  a r e  patched toge the r .  As mentioned p r e v i o u s l y ,  these 

boundar ies  a r e  no t  phys i ca l  boundar ies and may compose o f  g r i d s  o f  d i f f e r e n t  

t opo log ies .  Care must be taken i n  o rde r  t o  t r e a t  these boundary c o n d i t i o n s  

which e x i s t  because t h e  computat ion i s  done on each subdomain g r i d  

i n d i v i d u a l l y :  Th is  s tudy  f o l l o w s  a conserva t i ve  approach which o f f e r s  t h e  

conserva t i on  o f  f l u x e s  a t  t h e  i n t e r f a c e s .  The conserva t i ve  t rea tment  a t  t h e  

i n t e r f a c e s  may be impor tan t  f o r  t h e  c o r r e c t  c a p t u r i n g  o f  d i s c o n t i n u i t i e s  

c r o s s i n g  them. The d i s c u s s i o n  on t h e  conserva t i ve  rezoning a l g o r i t h m  i s  g i v e n  

p r e v i o u s l y .  An example o f  i t s  a p p l i c a t i o n  i s  descr ibed below. 

Consider t h e  common boundary ( i n t e r f a c e )  between two g r i d s  as shown i n  

f i g u r e  3.5. The a p p l i c a t i o n  o f  t h e  f i n i t e  volume approach t o  t h e  c e l l  

( l ) *  A!!) a t  t h e  c e l l  f ace  ( i  ,j NK-1) r e q u i r e s  t h e  i n t e g r a t e d  f l u x e s ,  HI:) = hij 

k = NK - 1/2 , where Ai:) i s  t h e  c e l l  su r face  area a t  k = NK -1/2. For t h e  

i n t e r i o r  c e l l ,  f l u x e s  a t  t h e  c e l l  w a l l s  a r e  computed by  t a k i n g  t h e  average o f  

1J 

t h e  f l u x  func t i ons  eva lua ted  a t  c e l l  cen ters ,  i.e., hi,j,kt ( 1 )  1/2"/2 ( h i , j , k  

) .  A t  t h e  c e l l  f ace  k = NK -1/20f g r i d  l,hi,j,NK which c o n t a i n  i n  
,j ,k+l  

t hi 
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g r i d  2 a re  needed. They a r e  computed b y  i n t e r p o l a t i n g  t h e  f l u x  f u n c t i o n s  

eva lua tes  a t  c e l l  cen ters  o f  g r i d  2. 

(2) a r e  r e q u i r e d  f o r  t h e  i , J  ,- 92 For g r i d  2, t h e  i n t e g r a t e d  f l u x e s  H 

computat ions o f  c e l l  k = l .  They a r e  ob ta ined b y  a p p l y i n g  t h e  c o n s e r v a t i v e  

rezoning a l g o r i t h m  descr ibed p r e v i o u s l y .  To i l l u s t r a t e  how t h e  a l g o r i t h m  i s  

app l ied ,  cons ider  an i n t e r f a c e  between two g r i d s  as shown i n  f i g u r e  3.6. Here 

t h e  s u b s c r i p t  k i s  dropped s ince  t h e  i n t e r f a c e  l i e s  on t h e  c e l l  w a l l  o f  

cons tan t  k. The c o n s e r v a t i v e  t rea tment  a t  t h e  i n t e r f a c e  r e q u i r e s  t h a t  t h e  

i n t e g r a t e d  f l u x e s  going through an area Ai:) b e  t h e  same f o r  b o t h  g r i d s ,  i. e., 

( l ) =  H(2) .  From Fig.  3.6, Hi:) can b e  evaluated as Hka ka. 

where Ai:]j i n  t h e  p o r t i o n  o f  t h e  area Ai:) which c o n t a i n  i n  t h e  area A!:) and 

p i s  t h e  number o f  t h e  s u r f a c e  mesh o f  g r i d  1 which c o n t a i n  i n  t h e  area 

Ai:). I n  t h i s  manner t h e  conserva t ive  rezoning a l g o r i t h m  can b e  a p p l i e d  t o  

comp u t  e 

s i n c e  h l i )  a r e  known from t h e  prev ious  i n t e r f a c e  t rea tment  f o r  g r i d  1. 

(3.18) 
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3.5 Numerical Time I n t e g r a t i o n  

The complete semi -d isc re te  scheme, Eq. (3.10), i n c l u d i n g  a l l  boundary 

c o n d i t i o n s  d e f i n e s  a unique system o f  n o n l i n e a r  o r d i n a r y  d i f f e r e n t i a l  

equat ions 

ut = F ( u )  ; u ( 0 )  = uo (3.19) 

which must be i n t e g r a t e d  i n  t i m e  b y  numerical  means. 

Runge-Kutta scheme presented b y  Gary [134] i s  used i n  t h i s  study. 

i s  d e f i n e d  b y  t h e  f o l l o w i n g  a l g o r i t h m :  

The e x p l i c i t  th ree-s tage 

T h i s  scheme 

It can b e  shown t h a t  t h i s  scheme, when a p p l i e d  t o  t h e  s e m i - d i s c r e t i z e d  E u l e r  

Eqs. (3.10) i s  second-order accurate and i s  s t a b l e  w i t h  a CFL-number of a t  

most 2 .  

The m u l t i s t a g e  two l e v e l  schemes o f  t h e  Runge-Kutta t y p e  have t h e  

advantage t h a t  t h e y  do n o t  r e q u i r e  any s p e c i a l  s t a r t i n g  procedure,  i n  c o n t r a s t  

t o  l e a p  f r o g  and Adam Bashfor th  methods, f o r  example. The e x t r a  stages can b e  

used e i t h e r  (1) t o  improve accuracy, o r  ( 2 )  t o  extend t h e  s t a b i l i t y ,  reg ion .  

Another advantage o f  t h i s  approach i s  t h a t  t h e  p r o p e r t i e s  of these schemes 

have been w i d e l y  i n v e s t i g a t e d ,  and a r e  r e a d i l y  a v a i l a b l e  i n  tex tbooks  on 

o r d i n a r y  d i f f e r e n t i a l  equat ions.  

3.6 Local  Time Step S c a l i n g  

As mentioned p r e v i o u s l y ,  t o  reach a steady s t a t e  s o l u t i o n  b y  e x p l i c i t  

methods, g e n e r a l l y ,  r e q u i r e s  a l a r g e  number o f  i t e r a t i o n  and a l o n g  
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computat ional  t ime.  Th is  i s  so because t i m e  s tep  used i n  e x p l i c i t  methods i s  

r e s t r i c t e d  t o  a maximum va lue  accord ing t o  t h e  CFL (Courant-Friedrichs-Lewy) 

c o n d i t i o n  [135]. The maximum t i m e  s tep  i s  u s u a l l y  determined b y  t h e  s m a l l e s t  

g r i d  spacing. On a h i g h l y  s t r e t c h e d  g r i d ,  t h i s  maximum t i m e  s tep  can b e  

ext remely smal l .  I n  t h e  a p p l i c a t i o n s  where o n l y  steady s t a t e  s o l u t i o n s  a r e  

d e s i r e d ,  and t r u e  t i m e  accuracy i s  o f  no concern, i t  has been found [136] t h a t  

t h e  use o f  t h e  " l o c a l  t i m e  step"  s c a l i n g  i s  h i g h l y  b e n e f i c i a l  t o  a c c e l e r a t e  

t h e  convergence t o  steady s t a t e  s o l u t i o n s .  The s imp les t  way t o  d e r i v e  t h i s  

s c a l i n g  i s  b y  a l o c a l  F o u r i e r  a n a l y s i s .  Th is  concept i s  o u t l i n e d  below. 

To o b t a i n  a b e t t e r  understanding o f  t h e  concept, l e t ' s  cons ider  t h e  E u l e r  

equat ions i n  two space dimensions: 

4' + F ( 4 ' )  + 6(6, = 0 
t X Y 

(3.21) 

Assuming t h a t  t h e  mapping x ( s l n ) ,  y (s :n )  between t h e  p h y s i c a l  x-y space and 

t h e  computat ional  5,n - space i s  smooth. Equat ion (3.21) can b e  t ransformed 

i n t o  t h e  computat ional  space as 
-+ -+ + -+ + 

(JQ), + ( y  F - x G) + ( -  y F + x G)  = 0 
n 0 5  5 5 1 1  

(3.22) 

where J = Jacobian o f  t r a n s f o r m a t i o n  = XSY, - X,Yg 

Equat ion (3.22) i s  i n t e g r a t e d  over  t h e  r e g i o n  Dij and can b e  w r i t t e n  as 

-+ 
(3.23) 

d - /ID 4'JdEdq - Q 
d t  aD 5 5 11 n 

[(y i - x G)dg + ( y  i - x G ) d d  = 0 
i j  i j  

The computat ional  space has been d i s c r e t i  zed accord ing t o  

Si = 5 + i A E  ; nj = no + JAn 0 

and same n o t a t i o n  have been d e f i n e d  as 
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Equat ion (3.23) can b e  approximated by 

( 3  2 4 )  

Equat ion (3.24) i s  a semi -d isc re te  centered scheme f o r  t h e  two dimensional  

E u l e r  equat ion.  To d e r i v e  t h e  l o c a l  t i m e  s tep  s c a l i n g  f o r  equat ion  3.24, 

f i r s t  t h e  t r a n s f o r m a t i o n  m a t r i c s  a re  f reezed a t  mesh p o i n t  ( i y j ) ,  i . e .  

Thus, Eq. (3.23) becomes 

- G  + I  N d +  
J AEAn - Q - l/2A@ (i - i +1/2A$ (: 

d t  i,j 6 i,j+l i, j-1 E i , j + l  i , j-1 

(3.26) 

Next, t h e  f l u x  f u n c t i o n s  F( 

6-6 
N 

E =  

) ,  G(q) a r e  l i n e a r i z e d  around Q i , j )  accord ing  t o  

(3.27) 
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+ 

where A" and a r e  t h e  Jacobian m a t r i c e s  evaluated a t  Q. w i t h  t h e  a i d  f rom 

Eq. (3.27) , Eq. (3.26) can b e  w r i t t e n  as 
1 ,j 

(3.28) 
which can b e  t r e a t e d  b y  F o u r i e r  ana lys is .  L e t  

A A 

.. s t  i e  i i e  j 
6 . . ( t )  = 6 . . ( t )  = Qa ( a  1) ( a  2)  (3.29) - n<e  tn, - n<e  <n (3.29) 
1J 1J 1 2 

b e  t h e  s o l u t i o n  o f  Eq. (3.28) 

S u b s t i t u t i o n  o f  Eq. (3.29) i n t o  Eq. (3.28) y i e l d s  t h e  e igenvalue problem 

A 

i s i n ( e  ) i * s i n (  e2)  
[SI + ( g - ; i j ) +  ( -  + $E) 1 ij = 0 (3.30) 

A V J  rl rl 
AEJ 

A n o n t r i v i a l  s o l u t i o n  t o  Eq. (3.30) can b e  found o n l y  i f  

Since t h e  o r i g i n a l  conserva t ion  l a w ,  Eq. (3.21) i s  h y p e r b o l i c ,  t h e  m a t r i c e s  

A and E b y  d e f i n i t i o n  s a t i s f y  t h e  c o n d i t i o n  
N 

(3.32) 
n 

d e t  ( 2  + &i - XI) = 0 = > {Ap(a,B)}p=l a l l  r e a l  

a,B r e a l  

Thus, t h e  e igenvalues sp(el,e2) of Eq. (3.31) a re  a l l  p u r e l y  imag inary  and 

g i v e n  b y  
A 

sp(el, e,) = - i x  (a,e) ; p = l , * * * , n  (3.33) 
P 

where 
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a =  

N N - x s i n  ( e  ) x s i n ( e 2 )  
n l +  5 

For t h e  E u l e r  equat ions t h e  Jacobian m a t r i c e s  and are  known a n a l y t i c a l l y  

as w e l l  as t h e  e igenvalues x (cx,~). Thus, t h e  l o c a l  s p e c t r a l  r a d i u s  a t  mesh 

p o i n t  ( i  , j )  
P 

can b e  es t imated  b y  a n a l y t i c  means. The " l o c a l  t i m e  s tep"  s c a l i n g  o f  Eq. 

(3.24) i s ,  t h e n  d e f i n e d  b y  

which e v i d e n t l y  sca les  t h e  problem so t h a t  t h e  l o c a l  s p e c t r a l  r a d i u s  i s  equal 

t o  1 everywhere. It can b e  seen t h a t  t h i s  t y p e  o f  s c a l i n g  does n o t  a f f e c t  a 

steady s o l u t i o n  o f  t h e  o r i g i n a l  scheme. 
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4. RESULTS AND DISCUSSIONS 

4.1 Sphere and Slender Body 

The i n v i s c i d  f l o w  over  a sphere i s  chosen as t h e  f i r s t  a p p l i c a t i o n  o f  t h e  

approach t o  t h e  aerodynamic c o n f i g u r a t i o n s .  The s i m p l i c i t y  o f  t h e  sphere, 

b o t h  f rom g r i d  genera t ion  p o i n t  o f  v iew and f l o w  f i e l d  c a l c u l a t i o n ,  g i v e s  an 

advantage t o  t h e  understanding o f  t h e  approach. Since t h e  approach has n o t  

been a p p l i e d  t o  a p h y s i c a l  aerodynamics problem, t h e  f i r s t  a p p l i c a t i o n  should 

b e  somewhat s t r a i g h t  forward so t h a t  o n l y  d i f f i c u l t y  l i e s  i n  t h e  t rea tment  o f  

t h e  i n t e r f a c e  c o n d i t i o n s .  However, E u l e r  equat ions model i s  n o t  s u i t a b l e  f o r  

t h e  h i g h  speed f l o w  over  sphere. This  i s  because such a f l o w  separates 

somewhere downstream and t h e  Navier  Stokes equat ions have t o  b e  used. I n  

o r d e r  f o r  t h e  E u l e r  equat ions t o  be a p p l i c a b l e  t o  h i g h  speed f l o w ,  and y e t  

s i m p l i c i t y  o f  t h e  c o n f i g u r a t i o n  i s  mainta ined,  a s lender  body i s  a l s o  

considered. S o l u t i o n s  f o r  f l o w s  over  b o t h  c o n f i g u r a t i o n s  have been ob ta ined 

a t  zero-degree angle o f  a t t a c k .  Free stream Mach number f o r  f l o w  over  sphere 

i s  0.2 ( n e a r l y  incompress ib le )  w h i l e  f l o w  over t h e  s lender  body has been 

i n v e s t i g a t e d  a t  a f ree  stream Mach number o f  1.5. The e n t i r e  f l o w f i e l d  i s  

d i v i d e d  i n t o  two subdomain a t  about t h e  c e n t e r  o f  t h e  c o n f i g u r a t i o n s .  Gr ids  

i n  b o t h  subdomains a r e  o f  0-0 t y p e  w i t h  d i f f e r e n t  number o f  g r i d  p o i n t s ,  i .e. ,  

2 1 x 2 1 ~ 1 7  V.S. 33x33~17.  F i g u r e  4.1 and 4.2 i l l u s t r a t e  g r i d s  used f o r  sphere 

and s l e n d e r  body r e s p e c t i v e l y .  As mentioned e a r l i e r ,  t h e  purpose f o r  t h e  

i n v e s t i g a t i o n s  o f  f l o w  over  these c o n f i g u r a t i o n s  i s  t o  see whether t h e  

approach i s  f e a s i b l e  when a p p l i e d  t o  t h e  s imple CFD c a l c u l a t i o n .  S o l u t i o n s  t o  

these problems can b e  ob ta ined b y  u s i n g  s i n g l e  g r i d s .  The use o f  s i n g l e  g r i d s  

i s  p robab ly  more e f f i c i e n t .  Thus, s o l u t i o n s  f rom s i n g l e  g r i d  c a l c u l a t i o n s  a r e  

used as re fe rences  t o  compare w i t h  s o l u t i o n s  ob ta ined b y  m u l t i p l e  g r i d  
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c a l c u l a t i o n s .  W a l l  pressure c o e f f i c i e n t  a t  t h e  c e n t e r  l i n e  a r e  compared i n  

F ig .  4.3 and 4.4. Good agreement can b e  seen c l e a r l y  f rom t h e  comparisons. 

Even though, these comparisons a r e  made f o r  o n l y  s imple cases b u t  conf idence 

i n  us ing  t h e  concept o f  m u l t i p l e  g r i d s  should be b u i l t  up. Indeed, s o l u t i o n s  

t o  f l o w  over these c o n f i g u r a t i o n s  can b e  obta ined f o r  v a r i o u s  f l o w  c o n d i t i o n s  

and number o f  g r i d  p o i n t s .  The same agreement i s  expected t o  be obtained. 

However, i t  i s  f e l t  t h a t  problems w i t h  h i g h e r  l e v e l  o f  d i f f i c u l t y  should b e  

pursued. Thus, t h e  use o f  d i f f e r e n t  g r i d  t o p o l o g i e s  f o r  d i f f e r e n t  subdomain 

g r i d s  i s  cons idered next .  A But le r -w ing  descr ibed i n  t h e  nex t  s e c t i o n  s u i t s  

t h i s  purpose we1 1. 

4.2 B u t l e r  Wing C o n f i g u r a t i o n  

A B u t l e r  wing i s  a d e l t a  wing which was proposed b y  D.S. B u t l e r  C1371. 

The p lan form o f  t h e  body i s  an i s o s c e l e s  t r i a n g l e ,  and t h e  l e a d i n g  edges o f  

t h e  wing l a y  a long t h e  Mach l i n e s  o f  t h e  unperturbed stream. The f i r s t  20% o f  

t h e  wing i s  c o n i c a l  and t h e  l a s t  80% o f  t h e  wing has e l l i p t i c a l  cross s e c t i o n  

w i t h  i n c r e a s i n g  e c c e n t r i c i t y  a long t h e  x-ax is .  A t  t h e  t r a i l i n g  edge, t h e  

e l l i p t i c  c ross  s e c t i o n  has i n f i n i t e  e c c e n t r i c i t y  and t h e  l a s t  cross s e c t i o n  i s  

a s t r a i g h t  l i n e .  F i g u r e  4.5 shows a physical model o f  a Butler Wing. The 

semi ma jor  and minor  axes a r e  g iven b y  

m a j o r  a x i s  ( i .e.,  sime-span) = x /p  O < X < L  ( 4 . l a )  

minor  a x i s  (i.e., t h i c k n e s s  on 
c e n t e r  1 i n e )  = X / B  0 < x < 0.2 L (4 . lb )  

( 4 . 1 ~ )  

where = M2 - 1 
OD 

B u t l e r  [137] has compared t h e  exper imenta l  r e s u l t s  f o r  surface pressure 

w i t h  t h e  t h e o r e t i c a l  r e s u l t s  u s i n g  t h e  slender-body t h e o r y  approx imat ion t o  
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s i m p l i f y  t h e  i n v i s c i d  equat ion  o f  mot ion.  Squi re [138,139] has o b t a i n e d  

exper imenta l  r e s u l t s  f o r  a B u t l e r  Wing w i t h  v a r y i n g  Mach number and angle o f  

a t t a c k .  Fbolhassani  e t  a l .  [140] have ob ta ined numerical  s o l u t i o n s  on a 

B u t l e r  Wing b y  s o l v i n g  Navier-Stokes equat ions w i t h  t h e  MacCormack t ime-sp l  i t  

method. It should b e  mentioned t h a t  t h e  exper imental  model i s  120 mm. l o n g  

and i s  cons t ruc ted  f o r  Ma= 3.5. That i s  t h e  semi-apex angle o f  t h e  planform 

and o f  t h e  i n i t i a l  c o n i c a l  nose i s  s i n - l ( 1 / 3 . 5 )  = 16.602 . The model i s  

mounted i n  t h e  t u n n e l  b y  a t t a c h i n g  a s t r i n g  suppor t  of 12.5 mm. d iameter  t o  

t h e  l o w e r  sur face.  

0 

Even though s o l u t i o n s  can be ob ta ined u s i n g  a s i n g l e  g r i d  system, 

m u l t i p l e  g r i d  s o l u t i o n s  on a B u t l e r  Wing s u i t  w e l l  f o r  t h e  purpose o f  t h i s  

s tudy.  T h i s  i s  because g r i d  o f  0 t y p e  i s  s u i t a b l e  f o r  t h e  f r o n t  p a r t  o f  t h e  

c o n f i g u r a t i o n  w h i l e  H-type g r i d  seems t o  b e  a b e t t e r  cho ice  near t h e  t r a i l i n g  

edge. The m u l t i p l e  g r i d  system i s  composed o f  t h r e e  subdomain g r i d s  as shown 

i n  F ig .  4.6. The H-type g r i d  a t  t h e  r e a r  of t h e  c o n f i g u r a t i o n  i s  d i v i d e d  i n t o  

two subdomain g r i d s  m a i n l y  t o  avo id  programming d i f f i c u l t y .  The B u t l e r  Wing 

c o n f i g u r a t i o n  i l l u s t r a t e s  t h e  usefu lness of  t h e  m u l t i p l e  g r i d s  approach where 

g r i d  topo logy  i s  changed from one subdomain g r i d  t o  another.  

Wall pressure c o e f f i c i e n t  a t  v a r i o u s  f l o w  c o n d i t i o n s  a r e  p l o t t e d  i n  F i g .  

4.3-4.10. I n  a l l  p l o t s ,  a s o l i d  l i n e  i n d i c a t e s  w a l l  pressure c o e f f i c i e n t  

ob ta ined from m u l t i p l e  g r i d  c a l c u l a t i o n s .  P l o t s  o f  w a l l  pressure c o e f f i c i e n t  

a long t h e  c e n t e r  l i n e  a t  3.5 Mach number and zero degree angle o f  a t t a c k  a r e  

shown i n  Fig.  4.3. I n  Fig.  4.7a, comparisons a r e  made w i t h  r e f .  [136-1391. 

D iscrepenc ies  near t h e  nose r e g i o n  e x i s t  because g r i d  i s  n o t  f i n e  enough t o  

o b t a i n  t h e  c o r r e c t  c o n i c a l  s o l u t i o n s  there .  Discrepencies a t  t h e  r e a r  o f  t h e  

wing a r e  b e l i e v e d  t o  occur because o f  t h e  neg l igence o f  v iscous  e f f e c t  i n  t h e  

E u l e r  equat ions.  Squ i re  [138] has made s i m i l a r  c o n c l u s i o n  about these 
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d iscrepenc ies .  Good agreement f o r  t h e  comparison between m u l t i p l e  g r i d  

s o l u t i o n s  and s o l u t i o n s  ob ta ined from a s i n g l e  g r i d  c a l c u l a t i o n  i s  shown i n  

F ig .  4.7b. Th is  i n d i c a t e s  t h a t  t h e  use o f  m u l t i p l e  g r i d s  does n o t  cause t h e  

d isc repenc ies  i n  F ig .  4.7a. 

The computed pressure c o e f f i c i e n t s  f o r  t e n  degrees angle o f  a t t a c k  are  

p l o t t e d  and compared w i t h  t h e  Refs. 138 and 140 i n  F ig .  4.8. A t  17%, 30%, 50% 

and 70%, chordwise p o s i t i o n s ,  t h e  pressure c o e f f i c i e n t s  a r e  p l o t t e d  aga ins t  

t h e  c o n i c a l  spanwise c o o r d i n a t e  f t a n  9. On t h e  

t h i c k  s e c t i o n s  near t h e  nose, t h e  pressure i s  h i g h e s t  on t h e  c e n t e r l i n e  and 

f a l l s  toward t h e  l e a d i n g  edge, whereas near t h e  t r a i l i n g  edge t h e  spanwise 

d i s t r i b u t i o n  i s  more 'w ing  l i k e '  w i t h  t h e  maximum pressure  a t  t h e  l e a d i n g  

edge. The changeover i s  shown b y  t h e  pressure peaks i n  t h e  pressure  

d i s t r i b u t i o n s  a t  x/c = 0.5 and 0.7. Some d isc repenc ies  w i t h  t h e  exper imenta l  

r e s u l t s  may b e  due t o  t h e  f a c t  t h a t  t h e  lower  sur face  o f  t h e  exper imenta l  

model i s  d i s t o r e d  t o  i n c l u d e  a s t i n g  support .  Resu l ts  f o r  f l o w  a t  2.5 Mach 

number a re  shown and compared w i t h  r e s u l t s  f rom Ref. 138. F i g u r e  4.9 shows 

Good agreement can b e  seen. 

r e s u l t s  a t  zero degree angle o f  a t t a c k ,  whereas, r e s u l t s  a t  t e n  degrees angle 

o f  a t t a c k  i s  shown i n  F ig .  4.10. The same conc lus ion  as i n  t h e  case o f  3.5 

Mach number can b e  made. 

The r e s u l t s  ob ta ined,  thus  f a r ?  demonstrate t h a t  t h e  use of m u l t i p l e  g r i d  

approach i s  p l a u s i b l e  and does n o t  add s i g n i f i c a n t  e r r o r  t o  t h e  f l o w  model 

equat ions  even when g r i d  t o p o l o g i e s  i n  subdomain g r i d s  a r e  comple te ly  

d i f f e r e n t .  However, more complex problems should b e  i n v e s t i g a t e d  i n  o r d e r  t o  

b e  c e r t a i n  about t h e  c a p a b i l i t i e s  o f  t h e  approach. T h i s  s tudy may n o t  y e t  

i n d i c a t e  t h e  use fu lness  o r  n e c e s s i t i e s  o f  t h e  m u l t i p l e  g r i d  approach, s i n c e  

t h e  c o n s t r u c t i o n  o f  a s i n g l e  g r i d  system can b e  made i n  a l l  cases. I n  some 

a p p l i c a t i o n s ,  however, t h e  c o n s t r u c t i o n  o f  such a s i n g l e  g r i d  system t o  cover 

t h e  e n t i r e  domain may n o t  b e  p o s s i b l e  a t  a l l .  
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5. CONCLUSIONS 

S o l u t i o n s  o f  E u l e r  f l o w  over  aerodynamics c o n f i g u r a t i o n s  on m u l t i p l e  g r i d  

systems a r e  presented. Some d e t a i l s  on g r i d  genera t ion  techniques and 

s o l u t i o n  procedures are  discussed. The concept o f  c o n s e r v a t i v e  t rea tment  a t  

t h e  i n t e r f a c e s  o f  v a r i o u s  subdomain g r i d  i s  a l s o  addressed. The s o l u t i o n s  

ob ta ined from t h i s  s tudy i l l u s t r a t e  a promis ing f u t u r e  o f  m u l t i p l e  g r i d s  

approach. It should be s t ressed,  once more, t h a t  t h e  main purpose of t h i s  

s tudy  i s  t o  determine whether t h e  use o f  m u l t i p l e  g r i d s  approach i s  f e a s i b l e  

on these c o n f i g u r a t i o n s ,  n o t  t o  determine t h e  c h a r a c t e r i s t i c s  of t h e  f lows.  

The use o f  m u l t i p l e  g r i d  approach, however, should g i v e  t h e  c o r r e c t  

c h a r a c t e r i s t i c s  o f  such f l o w s ,  as t h i s  s tudy i n d i c a t e s .  Thus, a s i n g l e  g r i d  

system can b e  c o n s t r u c t e d  t o  s o l v e  f o r  s o u l t i o n s  on any o f  t h e  c o n f i g u r a t i o n s  

considered i n  t h i s  study. The s o l u t i o n s  ob ta ined from a s i n g l e  g r i d  

c a l c u l a t i o n  can b e  used as references t o  compare w i t h  those ob ta ined from a 

mu1 t i p l e  g r i d s  c a l c u l a t i o n s .  Th is  f a c t  should n o t  underest imate t h e  

use fu lness  of m u l t i p l e  g r i d s  approach. I n  some ins tances ,  t h e  c o n s t r u c t i o n  o f  

a s i n g l e  g r i d  system may n o t  b e  p o s s i b l e  a t  a l l .  Even f o r  s imp le  

configurations where a single g r i d  system can b e  cons t ruc ted ,  t h e  use o f  

m u l t i p l e  g r i d s  approach e l i m i n a t e s  t h e  d i f f i c u l t i e s  t h a t  a r i s e  i n  t h e  g r i d  

g e n e r a t i o n  procedures. Also,  exper iences have shown t h a t  t h e  use o f  m u l t i p l e  

g r i d  approach enhances t h e  s o l u t i o n  procedures. For  example, t h e  convergence 

t o  steady s t a t e  o f  t h e  s o l u t i o n  t o  t h e  equat ions o f  mot ion depends on many 

f a c t o r s .  One f a c t o r  which i s  v e r y  i m p o r t a n t  i s  t h e  c h a r a c t e r i s t i c s  o f  a g r i d  

system, i .e. g r i d  spacing, g r i d  o r t h o g o n a l i t i e s  e.t .c. Good c h a r a c t e r i s t i c s  

of a g r i d  system i s  much e a s i e r  t o  o b t a i n  i n  m u l t i p l e  g r i d  approach as 

compared t o  a s i n g l e  g r i d  approach. Exper ience f rom t h i s  s tudy has i n d i c a t e d  

t h a t  e f f o r t s  t o  be made t o  o b t a i n  a converged s o l u t i o n  as a m u l t i p l e  g r i d  
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system i s  n o t  as much as those t o  b e  made on a s i n g l e  g r i d  system. Arguments 

can b e  made, however, t h a t  c o n f i g u r a t i o n s  used i n  t h i s  s tudy a r e  y e t  t o o  

s imp le  t o  make any conc lus ion  about t h i s  advantage o f  t h e  m u l t i p l e  g r i d  

approach. More s t u d i e s  w i l l  have t o  b e  made t o  c o n f i r m  i t .  

The nex t  s tep,  which i s  under i n v e s t i g a t i o n ,  i s  t o  app ly  t h i s  approach t o  

s i m u l a t e  t h e  i n t e r n a l / e x t e r n a l  f l o w  around a f i g h t e r - a i  r c r a f t  c o n f i g u r a t i o n  

( F i g .  5.1). Th is  s i m u l a t i o n  should i l l u s t r a t e  t h e  use fu lness  o f  t h e  m u l t i p l e  

g r i d  approach, s i n c e  i t  becomes necessary t o  use d i f f e r e n t  g r i d  t o p o l o g i e s  

between t h e  i n t e r n a l  and e x t e r n a l  f low.  The f i n d i n g s  from t h i s  s tudy i s  

expected t o  y i e l d  a s i g n i f i c a n t  c o n t r i b u t i o n  t o  t h e  f i e l d  o f  CFD. A f t e r  t h e  

s o l u t i o n s  o f  t h e  E u l e r  equat ions i s  s u c e s s f u l l y  obta ined,  t h e  a p p l i c a t i o n s  t o  

t h e  Navier-Stokes equat ions,  i n c l u d i n g  chemical r e a c t i n g  and t u r b u l e n t  f l o w s  

( p r o v i d i n g  t h a t  proper  t u r b u l e n t  m o d e l l i n g  i s  implemented) , should b e  

poss ib 1 e. 
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Fig. 2.1 Boundary-fitted coordinate system. 
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(b) Computational domain 

Fig. 2.2 Physical versus Computational domain. 
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Fig. 2.3 A computational domain where f is known on certain planes. 
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Fig. 2.4 An out-of-surface derivative of f. 
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Fig. 2.5 A computational domain where $ are specified on the outer surface. 
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Fig. 2.6 Mapping types for a 3D airfoil. 
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Fig. 2.7 An 0-0 mapping for a wing-fuselage configuration. 
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Fig. 2.8 Singularity lines for the 0-0 mapping. 
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Fig. 2.9 The boundary surface is opened to avoid dealing with singularities. 
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Fig. 2.10 Zoning of multiple-connected region. 
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Fig. 2.12 Patched surfaces. 
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Fig. 3.1 A typical volume element. 
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Fig. 3.2 A solid wall boundary. 
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Fig. 3.3 Coordinate cut boundaries. 
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Fig. 3.4 Conditions at the inflow/outflow boundaries. 
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Fig. 4.1 Grid system for a sphere. 
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Fig. 4.2 Grid system for a slender body. 
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1.5 

1 .o 

Q. .5 
0 

0 

- .5  
0 

r 
Multiple grids 
Single grid 

Slender body 
M, = 1.5 
a t o .  

I I 1 I I i I I 

.15 . 2 5  . 36 - 5 0  . 63 . 75 . 8 8  1.00 

CHORD LENGTH 
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(a) Top view 

(c) Side view 

(b) Ront view 

(d) Oblique view 

Fig. 4.5 Physical model of a Butler-Wing. 



, >  . ’  
1 .  Grid 3 - 

(b) H-Grid 

(c) Symmetry plane 

Fig. 4.6 Grid system used for a Butler-Wing. 
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